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Abstract

In this paper we describea statistical methodfor the
integration of an unlimited numberof cueswithin a de-
formable modelframavork. We treat eadh cue as a ran-
domvariable, eath of which is the sumof a large number
oflocal contributionswith unknowrprobability distribution
functions.Undertheassumptionhatthesedistributionsare
independentheoverall distributionsofthegenerlizedcue
forcescan be approximatedwith multidimensionalGaus-
sians,asperthecentmal limit theoem.

Estimatingthe covariancematrix of theseGaussiandis-
tributions,howerer is dif cult, becausehe probability dis-
tributions of the local contributions are unknown. \We use
afne arithmetic as a novel approacd toward overcoming
thesedif culties. It letsustradk and integrate the support
of boundeddistributions without havingto knowtheir ac-
tual probability distributions, and without havingto male
assumptionabouttheir properties. We presenta method
for corverting the resultingaf ne formsinto the estimated
Gaussiandistributions of the genealized cueforces. This
methodscaleswell with the numberof cues.

We apply a Kalman lter as a maximumlikelihood es-
timator to mege all Gaussianestimateof the cuesinto a
singlebest t Gaussian. Its meanis the deterministicre-
sult of the algorithm, and its covariancematrix providesa
measue of the con dencein theresult. We demonstatein
experimentdowto applythisframevorkto improvethere-
sultsof a facetracking system.

1. Intr oduction

Deformablemodelsareanimportanttechniquein com-
putervision for robust tracking tracking nonrigid motion,
such as humanfaces,and full humanbody movements.
Thesetypesof motionshave importantapplicationspartic-
ularly in suneillanceand humancomputerinteraction,as
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well asvirtual ervironments.

The shapeof a deformablemodelis characterizedby its
parameterizationEachpoint on the surfaceof a modelis
uniquely determinedby this parameterizationAs long as
this surfaceis  -differentiablewith respectto the model
parametersit is possibleto determinewhat effect moving
a point on the surfacehason the model parametersTypi-
cally, deformablanodelframenorkstake advantageof this
factby usingvariouslow-level computervision cues,such
asedgetrackingandoptical o w, to acton pointsor regions
of the deformablemodel, and consequentlyon the model
parameterdasedon Lagrangiandynamics. Cuesprovide
information on how the shapeandthe position of the de-
formablemodelchangeovertime.

As long asonly one cueis usedat a time, estimation
of the model parameterss a straightforvard process.The
picturechangegramatically however, whenmultiple cues
acton amodelatthe sametime. Dueto the noiseinherent
in mostlow-level computervision cues differentcueswill
exhibit differentdegreesof reliability at differentpointson
themodelsurface.Evenworse,oftenthedistribution of the
noiseis unknavn, thusmakingit dif cult to capturat with a
probabilitydistribution. As aresult,the optimalintegration
of cuesto yield the bestpossibleparameteestimateof the
modelis a dif cult andopenresearctproblem.

Previous approachemtegratedthe cueseitherby using
adirectsumof the cues,or throughthe designof hardcon-
straintg4] thatsubjugatesomecuesto others.A directsum
ignoresthatsomecuesmaybemorereliablethanothersata
givenpointin time, whereasa hardconstraintcausegprob-
lemsif thedominantcueis unreliableor change®vertime.
In this paperwe describea new methodfor combiningthe
cuesdynamicallyin an optimal mannerwithin a statistical
framawork.

In the deformable model framavork, the cues are
mappednto parametespaceasgenenlizedforcesthatact
on and changethe model parameters.The cues,in turn,
typically arethe sumof alarge numberof localimagecon-
tributions, suchas the positionsof variousedgesfrom an



edgetracler. If we modeltheseunderlyingcontritutions
asrandomvariables,the cues,and hencethe generalized
forces,will alsoberandomvariables.We presenta way to
estimatethesegeneralizedorces' probability distributions
withoutary prior knowledgeaboutthe cues'andlocal con-
tributions' probability distributions.

Sincecomputervision dealswith discretedomainsit is
reasonabléo assumehat the valuesof the local contritu-
tionslie in boundedegions[15, 12]. Theseregionsprovide
the supportof eachcontribution's probability distribution.
We usetheseregionsto representhe contritutions,instead
of representinghemwith normalnumbersTo describehe
regions mathematicallywe useaf ne forms. Afne arith-
meticde nesthenormalalgebraicoperationssuchassums
andmultiplications,overtheseaf ne forms(Sec.3), which
allow usto obtainthe multidimensionakf ne formsof the
generalizedorcesfrom the afne forms of the individual
contrikutions(seeSec.2 andEq. 2).

Becausethe numberof independentontributionsto a
cueis typically very large, we canapply the cental limit
theolem which statesthat the distribution of the sumcan
berepresentedsa Gaussiardistribution. We shaw in this
paperhow to estimatethe parametersf this Gaussiardis-
tribution from the generalizedorcesexpressedis multidi-
mensionahf ne forms.

The meanof the Gaussiardistribution is the mostlikely
estimateof that cue, whereasthe covariancematrix de-
scribesthe con denceof the cue. This descriptionleadsto
a seamlesintegrationinto a Kalman lter framework asa
maximumlik elihoodestimatoiof thecombinedyeneralized
forcefrom all cues.

Therestof thepaperis organizedasfollows: We discuss
relatedwork, thenprovidethemathematicabackgroundor
deformablemodelsandaf ne arithmetic.We thendescribe
our novel approactto corvertinga multidimensionahbf ne
form into a Gaussiardistribution that can be usedin the
Kalman lter framavork. We demonstratén experiments
on syntheticimagesandrealfacetrackingdatathatthe sta-
tistical approachis morerobustthanthe simpledirectsum
of thecues.

1.1 RelatedWork

DeformableModels have beenusedin a variety of ar
easand applications.In computervision for trackingand
shapeestimation[8, 4, 24], in computergraphicsfor syn-
thesisand simulation[6] and in medical applicationsfor
reconstructionmodelingand diagnosis[22, 2]. Most of
theseapproachebave beendeterministic;thatis, they did
not addresghe statisticaluncertaintiesnherentin tracking
images,andin tting the modelsto a particularshapeor
image.

Throughoutthe years different statistical approaches

have been explored for computer vision applications.
Among others,thereare Condensatiorj14, 11], and Kal-
manFilters for trackingandfor predictingmotion[3, 23].
Suchapproachesitherdo not scalewell with the problem
size,or make assumptionsiboutthe shapeandthe charac-
teristicsof the probability distribution functions. However,
oftennothingis known aboutthemexcepttheir bounds.

Interval arithmetic[19, 20] manipulatesuchboundsdi-
rectly. It hasbeenlargely usedin numericalanalysisand
optimization[9], and computergraphics[25, 10]. This
approachsuffers from overestimationof bounds,and the
completeloss of information on how boundsin multidi-
mensionalintervals are correlated. More recently af ne
arithmetichasbeendevelopedo overcometheseshortcom-
ings[1, 26]. It haspreviously beenappliedto numerical
optimization[5, 17, 13].

In this paperwe apply afne arithmeticto embedde-
formablemodelswithin a statisticalframework. This ap-
proachallows us to avoid making assumptionsboutthe
probabilitydistribution functions,unlike mostprevioussta-
tistical approache$o computervision, andit scaleswell
with the number of parametersusedin the deformable
modeldescription.

2. Deformable Model Tracking

Fundamentally a deformable model framework is a
Lagrangiandynamics systemparameterizedy a vector
[18]:

(1)

As the tracking processevolves, we integrate  with the
Eulerintegrationmethod.

We obtainthe coordinate®f eachpointon adeformable
modelthrougha seriesof linear and non-linearoperations
applied over its parameters . We corwvert contributions
from a 2D visual cue appliedto a point  on the de-
formablemodelto generalizedorces , whichactonthe
modelparametersThe corversionto generalizedorcesis
obtainedthroughthe applicationof thematrix , whichis
the projectionof the model Jacobiarat point  to image
space.The sumof thesegivesusthe generalizedorce
for cue :

(2)

where is theimageforce from cue atpoint in
imagespacelf thesemageforcesareindependentandom
variables,andthe numberof elementsn this sumis large,
the centrallimit theorem[21] (CLT) statesthat a a multi-
dimensionalGaussians agoodrepresentationf  , even



if the probability distributions of the imageforcesare un-
known.

) ®3)

where isthemeanvectorand s the covariancema-
trix. Usual proofsof the CLT requirei.i.d. randomvari-
ablesbut if thesevariables'distributionssatisfyextra con-
ditions (third absolutemomentboundedand ),
thenonly independencis necessary7]. In ourapplication,
thedomainsof thedistributionsareboundedwhichimplies
thatthethird absolutenomentsarebounded Evenif were-
lax the conditionof the derivative on the distributions, it is
still possibleto boundthe error of the approximatedsaus-
siandistributions[7].

To integrate the contribution of the cueswith the de-
formablemodel,we needto combinethe  intothesingle
generalizedorce in thebestpossiblewvay:

(4)

In adeterministicframenork, is simply a weightedsum
of the . In astatisticalframawork, we usea maximum
likelihoodestimatorasdescribedn Sec.5.
In the next sectionwe describethe toolsthatwill allow
usto estimatehemearvector andthecovariancematrix
thatstatisticallydescribesach

3. Af ne Arithmetic

To modelthevisualcueg(pointtracker, optical o w, etc.)
properlyasrandomvariableswe needto know the proba-
bility distribution function of their values. In the general
casethis is a complicatedproblemthat might needstrong
knowledgeof theapplication.Theassumptionsadewhile
estimatinghedistributionsmight notalsotranslatewell for
differentapplications.

To getaroundtheseproblemswe modelonly the region
of the valuesthat the cue's imageforcestake; thatis, the
supportof their probability distributions. Af ne arithmetic
providesthe framework to manipulatetheseregions. Cal-
culatingthe generalizedorcesoperate®n regions,instead
of realnumbers.

The resultof applyingtheseoperationgo the cue's im-
ageforcesis a region in the model parameterspacerep-
resenting . Becauseof the large numberof individual
imageforces,it is thenpossibleto estimatethe parameters

and of theGaussiarthatrepresent  basedonthe
propertiesof this region, asdescribedn Sec.4.

3.1 Af ne forms and the mathematical operations

Thebasicatomof theaf ne arithmeticis calledanaf ne
form. An afne form representaninterval andis repre-

sentedas:

(5)

In the coefcients  arerealnumberswhereasn
they are -dimensionalectors. The aresymbolicreal
variableswhosevaluesare unknavn, but guaranteedo lie
in the interval with = 0. The quantity
is calledthe central value(mean),andthe arecalledthe
noisesymbols Eachnoisesymbol representanindepen-
dentcomponenbf thetotal uncertainty By scaling with
the from Eq.5, it is possibleto obtainarbitrarily large
intervalsof uncertainty

As an example, considera two-dimensionalvector de-
scribinga cue'simageforce from avisualcue , . It
canbedescribedasanafne form asfollows:

(6)

This representationshovn in Figure 1, describesa vector
whosemeanis at .If and wereindependent,
their spannedntervals would be and ,
respectiely (plottedasthe light gray on Figure 1). How-
ever,because and sharethenoisesymbols and
theirvariationsarenotindependentln fact, hastolie in
thedarkregion of Figurel.
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Figure 1. Joint range of two partially depen-
dent quantities in AA.

Interval arithmetic [19] is anotherway to track inter
vals; eachintenal is just representeds the pair
Af ne arithmetichasa signi cant advantagen thatit pro-
videstighterbounds.In addition,unlike interval arithmetic,
it preseresthe informationon the correlationbetweenthe
component®f . In Figurel thelight grayregion shavs



thebestpossibleboundthatcouldberepresentetly intenal
arithmetic.

For eachoperationon realnumberswve have to de ne a
counterparfor af ne forms. Af ne operationdike

(7
arecalculated=xactly, where
where , ,and areafne forms,and , ,and arereal
constantsThede nition of this operations
and (8)

Note that any operationde ned on two afne forms also
de nesthisoperatioronanaf ne formandascalarbecause
ascalar is trivially representedby the afne form

. For this reason the operationsnecessaryo corvert an
imageforce to a generalizedorce in Eq. 2 are still valid
whentheimageforcesareaf ne forms.

Non-afne operationsrequire a more careful analysis.
For eachoperationwe have to determineanaf ne approxi-
mationfor thevalid range.Wethenintroduceanextrainde-
pendeninoisesymbolis to carry the introducederror, thus
keepingheinterval valid. A thoroughdescriptioronhow to
do the appropriateoperationgreciprocatemultiplications,
exponentialstrigonometric etc.) canbefoundin [26].

We now shav how to obtainthe Gaussiarparameters
and fromanafne form describingthe generalizectue
force , sothatwe canuseit in a maximumlikelihood
estimato(MLE).

4. Obtaining a Gaussianrandom variable from
an af ne form

After usingaf ne arithmeticontheimageforces,we ob-
tain anafne form for the generalizeccueforce from
Eq.2,where

9)

Sincewe have summedmary independentlements(i.e.,
the image forces), we know from the central limit theo-
rem that a Gaussiardistribution will adequatelyapproxi-
mate . We needto estimate¢he meanvector andthe
covariancematrix  of this distribution.

Themeanvectoris

(10)

but sinceall noisesymbols areequallydistributedaround
theorigin,

(11)

We breaktheestimatiorof thecovariancematrix  into
two problems:to determinghe eigervectorsandtheeigen-
valuesof this matrix. The eigervectorsarethe major axes
of the region de ned by the afne form. The eigervalues
arethevariance®f theaf ne form alongtheseaxes.

4.1 Eigervectorsof

To nd theeigervectorsof  welook for theminimum-
volumehyperrectangleboundingthesolid describedy the
afne form. This hyperrectangle€anbe representedby an
afne form with exactly noisesymbols(where is also
the sizeof the deformablemodel's parametexector ), all
of which point alongorthogonaldirectionvectors. In nor-
malizedform thesevectorsarethe desiredeigervectors.

Given an orthonormalbasis of , thereis an
afne form thatrepresentshe hyperrectangleriented
alongtheaxes , andwhich containsthe solid described
by . Itsdescriptions

(12)

where
of the

is thesumof theabsoluteraluesof the projections
(from EqQ.5) over

(13)

Theproblemis now reducedo nding thatminimizes

We canrotatevectors  and
destrging the orthonormalityof

by anangle without

(14)
(15)

lahigherdimensionatectangle



This operationonly changes and . To minimize the
volumealongthis rotationoperationit is necessaryo nd

suchthat (the correspondingo and )isata
minimum. Our algorithmis the applicationof thislocal op-
timizationoverall pairsof vectorsstartingfrom anarbitrary
orthonormabasis

Initializes:
for to do
for to do

Find thatminimizes
Rotate and by

endfor
endfor

4.2 Eigervaluesof

Theeigervalues of
axesof theeigervectors

arethevariances alongthe

By pluggingin Egs.9 and11

but areby de nition independentso

(16)

We canbound from above by

(17)

If all noisesymbols areidentically distributed(since
they areby de nition independentthis would imply 11D),
we cansimplify Eq. 16 by notingthat :

(18)

5. Merging the Cues

To obtainthe probability distribution of the generalized
force , weintegratethe Gaussiamlistributionsof thecues'

generalizedorcesthatwe obtainedin the previoussection
with aMLE. In the caseof Gaussiardistributions,the opti-

mal MLE is a simple,non-predictve Kalman lter[16]. Its

inputareGaussiardistributions,andit yieldsanotheiGaus-
siandistributionwhosemean is themaximumlikelihood
estimateof , andwhosecovariancematrix isanestimate
of its con dence.

Each cue is describedby the mean vector and
the covariance matrix We iteratively apply the
Kalman MLE over each one of the cues. After
each iteration the Kalman MLE holds the best esti-

mate of and for the cues already processed.
Initializes:
for to do where numberof cues
endfor

6. Application and Experiments

As an applicationwe augmentedur deformablemodel
trackingsystemto useaf ne arithmeticinsidethecuemod-
els, andthento corvert it to Gaussiansising the method
describedn the previoussections We representhe param-
etersof the deformablemodelasa vectorof scalarswhich
we integratewith the maximumlik elihoodestimate of
in the Lagrangiandynamicsystem obtainedby corverting
theaf ne formsof the cues'imageforcesto af ne formsof
generalizedorces,summingthemupto formthecues'gen-
eralizedforces , andcorvertingthemto Gaussiaristri-
butions. Currentlywe do not usethe con dence estimate
in the covariancematrix  during the integration process;
however, futurework shouldmalke useof it.

In the next subsectionsve describe for eachcue, how
we have constructedhe initial randomvariablesthat will
bepropagatedo the nal Gaussiansandpresentheresults
of our method.

6.1 Point Tracker

The point tracker trackshigh-contraspoints on the de-
formablemodelin imagespace.Thecriterionfor choosing
apoint's positionin the next frameis the minimum sumof
squaeddifferencegssb) overapatchwithin asmallregion
aroundthe point's positionin the currentframe. The distri-
bution of the ssDs in the region aroundthe point provides
uswith informationonthecon denceof thetrackedpoint's
position.

Intuitively, the smallerthe differencebetweenary two
SsDs, the higheris the uncertaintybetweenthe two pixels



and correspondingo thesewo ssDs. We expresshis
relationshipin theaf ne form thatdescribeghe positionof
thetrackedpoint  atpixel by extendingits boundsin
thex andy directionsin imagespaceto cover both points.
Ratherthan choosingan arbitrary cutoff valuefor the dif-
ferencebetweenthe ssbs to decidewhetherto extendthe
boundsto include a point, we attenuatethe magnitudeof
the boundswith a decayingexponentialfunction. We de-
scribethepositionof  with theafne form

where is thepointtracker'sestimatefor ,and and
arethebounds

(19)

where is the ssb at the tracked point's position,

is thessD for point  atimagecoordinates , and

and dependnthesizeof the patchusedfor computing

the ssb, andtheregion searchedThe cue'simageforceis

thedifferencebetweertheafne form  andthepoint 's
positionin the previousframe.

6.2 EdgeTracker

For this paperwe have modeleda simplestatisticaledge
tracker. The meanof the forceis obtainedthroughthe gra-
dientof a potential eld provided by a smoothededgede-
tector

The afne form hastwo componentspnealongthe di-
rectionof the mean,andone perpendiculato it. The rst
components inverselyproportionalto themagnitudeof the
gradientof the eld — thelower the potential eld values,
theloweris thecon dence,andthusthehigherthevariance
hasto be. The secondcomponentjn the directionperpen-
dicular to the gradientof the potential eld, is ,
where isthe rst componentand and are
constants.

Therationaleis thatthe uncertaintyalongthe edgeis al-
wayshigherthanthe uncertaintyperpendiculato theedge,
sincethereis no information on whetherthe edgemoved
alongthisdirection.

6.3 Optical Flow

We implementeda statisticalversionof a simpleoptical
ow [27]. Assuminga constanto w in a patcharoundthe
desiredpoint, theestimatedptical ow is aleastsquares
problem,andwe solwve it throughthe two-dimensionabkys-
tem

(20)

where

The magnitudeof the spatialgradientis agoodmeasure
of thereliability of the optical o w estimateat that point.
This magnitudecan,throughaninverserelation,determine
thehow largeis thecon denceregionin thedirectionof the
optical o w.

The eigervaluesof have a directrelationwith
the gradient;they tell us aboutthe propertiesof thatim-
ages neighborhoodand how the apertureproblemaffects
the results. Two high eigervaluesmeana very good esti-
mate,two low eigervaluesmeanthatthe optical o w is not
well de ned, one high and onelow eigervalue meanthat
we have a lower con dencein the direction perpendicular
to theestimatedo w.

We usethehighereigervalueto estimateoneuncertainty
boundalong the direction of the ow, which is inversely
proportionalto the larger eigervalue. We estimateanother
uncertaintyboundalongthe directionperpendiculato the

o w basedbntheratio of theeigervalues.

6.4. Results

In this sectionwe shav two examplespnesyntheticand
one with real data. For the syntheticexamplewe build a
model of a wedge,and renderedmagesfrom two differ-
ent pointsof view. We tracked thesetwo imageswith two
differentpoint trackersasdescribedn Section6.1, onefor
eachpoint of view. Becauseof the low amountof texture
in the images,thesepresentas dif cult a testfor a point
tracker-basedcueascanbe. In gure 2(a)we shav some
snapshotsf oneof theimagesequencesswell astheplot
of themaximumerrorin pixelsfor eachcameran boththe
deterministicandstatisticmethods.

For the real examplewe have constructecda low reso-
lution face modelthat has31 parametersle ning the fa-
cial anthropomorphiproportions. Theseparameterarere-
sponsiblefor the tting of the modelto anindividual. On
top of thesewe have addeddynamicmotion parameterso
capturethe deformationsrom facial expressions.In Fig-
ures6.4 and6.4 we shav two real trackingsequencesb-
tainedfrom our system. Our methodenabledus to track
over 300framesin thefacesequencevith asinglecamera.
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Figure 2. Synthetic example. 2(a) Snapshots of one image sequence . 2(b) and 2(c) compare the
deterministic against the statistic for each one of the cameras.

Figure 3. Real images: Tracking of face rotation and translation with statistical methods

Figure 4. Real images: Tracking of raising eyebrows with simultaneous head tilting with statistical
methods



7. Conclusionsand Futur e Work

In this paperwe introducedaf ne arithmeticto propa-
gatethe boundarieof randomvariables. We canusethis
methodwithout prior knowledgeof the probability distribu-
tion functions,aslong asthereis awayto obtainanestimate
of therandomvariables bounds.

Our frameawork for integration of cuesis elegantand
adaptve. It allows the dynamiccombinationof cuesthat
have nointeractionwith oneanotherthatis, they maycome
from differentcameraspr even different sourcesof data.
The framawork scaleswell with the numberof the cues
available.

Therearestill someimportantopenproblemsto be ad-
dressedlf theinitial af ne form doesnot cover the entire
domainof the distribution of the randomvariable, part of
theprobabilitieswill bediscardedOntheotherhand.,if the
interval spanneddy the af ne form is too large, therewill
be alossof correlationinformationbecauseon-afne op-
erationsover af ne formsareapproximatedy local af ne
ones[26]. More work is requiredto understandhetradeof
betweertoo-lageandtoo-smallregions.

In the short term, integrating a shapefrom shading
cue [24] within the statisticalframenork shouldimprove
the procesdor theinitial tting of deformablemodels. In
addition,usingthe KalmanMLE's covarianceestimaten a
predictve Iter mayfurtherimprovethetrackingresults.
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