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Abstract

In this paper we describea statistical methodfor the
integration of an unlimited numberof cueswithin a de-
formablemodelframework. We treat each cue as a ran-
domvariable, each of which is thesumof a large number
of local contributionswith unknownprobabilitydistribution
functions.Undertheassumptionthatthesedistributionsare
independent,theoverall distributionsof thegeneralizedcue
forcescan be approximatedwith multidimensionalGaus-
sians,asper thecentral limit theorem.

Estimatingthecovariancematrix of theseGaussiandis-
tributions,however, is dif�cult, becausetheprobability dis-
tributionsof the local contributionsare unknown.We use
af�ne arithmetic as a novel approach toward overcoming
thesedif�culties. It lets us track and integrate the support
of boundeddistributionswithout havingto knowtheir ac-
tual probability distributions,and without havingto make
assumptionsabout their properties. We presenta method
for converting the resultingaf�ne formsinto theestimated
Gaussiandistributionsof the generalizedcueforces. This
methodscaleswell with thenumberof cues.

We apply a Kalman�lter as a maximumlikelihoodes-
timator to merge all Gaussianestimatesof the cuesinto a
singlebest�t Gaussian. Its meanis the deterministicre-
sult of thealgorithm,and its covariancematrix providesa
measure of thecon�dencein theresult. We demonstratein
experimentshowto applythis framework to improvethere-
sultsof a facetrackingsystem.

1. Intr oduction

Deformablemodelsarean importanttechniquein com-
putervision for robust tracking trackingnonrigid motion,
such as humanfaces,and full humanbody movements.
Thesetypesof motionshave importantapplicationspartic-
ularly in surveillanceandhumancomputerinteraction,as

well asvirtual environments.
Theshapeof a deformablemodelis characterizedby its

parameterization.Eachpoint on the surfaceof a modelis
uniquelydeterminedby this parameterization.As long as
this surfaceis ��� -differentiablewith respectto the model
parameters,it is possibleto determinewhat effect moving
a point on thesurfacehason themodelparameters.Typi-
cally, deformablemodelframeworkstake advantageof this
factby usingvariouslow-level computervision cues,such
asedgetrackingandoptical�o w, to actonpointsor regions
of the deformablemodel, andconsequentlyon the model
parametersbasedon Lagrangiandynamics. Cuesprovide
informationon how the shapeandthe position of the de-
formablemodelchangeover time.

As long as only one cue is usedat a time, estimation
of the modelparametersis a straightforwardprocess.The
picturechangesdramatically, however, whenmultiple cues
acton a modelat thesametime. Dueto thenoiseinherent
in mostlow-level computervision cues,differentcueswill
exhibit differentdegreesof reliability at differentpointson
themodelsurface.Evenworse,oftenthedistributionof the
noiseisunknown,thusmakingit dif�cult to captureit with a
probabilitydistribution. As a result,theoptimalintegration
of cuesto yield thebestpossibleparameterestimateof the
modelis a dif�cult andopenresearchproblem.

Previousapproachesintegratedthecueseitherby using
a directsumof thecues,or throughthedesignof hardcon-
straints[4] thatsubjugatesomecuesto others.A directsum
ignoresthatsomecuesmaybemorereliablethanothersata
givenpoint in time,whereasa hardconstraintcausesprob-
lemsif thedominantcueis unreliableor changesovertime.
In this paperwe describea new methodfor combiningthe
cuesdynamicallyin an optimalmannerwithin a statistical
framework.

In the deformable model framework, the cues are
mappedinto parameterspaceasgeneralizedforcesthatact
on and changethe model parameters.The cues,in turn,
typically arethesumof a largenumberof local imagecon-
tributions,suchas the positionsof variousedgesfrom an



edgetracker. If we model theseunderlyingcontributions
as randomvariables,the cues,and hencethe generalized
forces,will alsoberandomvariables.We presenta way to
estimatethesegeneralizedforces' probability distributions
withoutany prior knowledgeaboutthecues'andlocal con-
tributions' probabilitydistributions.

Sincecomputervision dealswith discretedomains,it is
reasonableto assumethat thevaluesof the local contribu-
tionslie in boundedregions[15, 12]. Theseregionsprovide
the supportof eachcontribution's probability distribution.
We usetheseregionsto representthecontributions,instead
of representingthemwith normalnumbers.To describethe
regionsmathematicallywe useaf�ne forms. Af�ne arith-
meticde�nesthenormalalgebraicoperations,suchassums
andmultiplications,over theseaf�ne forms(Sec.3), which
allow usto obtainthemultidimensionalaf�ne formsof the
generalizedforcesfrom the af�ne forms of the individual
contributions(seeSec.2 andEq.2).

Becausethe numberof independentcontributions to a
cue is typically very large, we canapply the central limit
theorem, which statesthat the distribution of the sumcan
berepresentedasa Gaussiandistribution. We show in this
paperhow to estimatetheparametersof this Gaussiandis-
tribution from thegeneralizedforcesexpressedasmultidi-
mensionalaf�ne forms.

Themeanof theGaussiandistribution is themostlikely
estimateof that cue, whereasthe covariancematrix de-
scribesthecon�denceof thecue. This descriptionleadsto
a seamlessintegrationinto a Kalman�lter framework asa
maximumlikelihoodestimatorof thecombinedgeneralized
forcefrom all cues.

Therestof thepaperis organizedasfollows: Wediscuss
relatedwork, thenprovidethemathematicalbackgroundfor
deformablemodelsandaf�ne arithmetic.We thendescribe
our novel approachto convertinga multidimensionalaf�ne
form into a Gaussiandistribution that can be usedin the
Kalman�lter framework. We demonstratein experiments
onsyntheticimagesandrealfacetrackingdatathatthesta-
tistical approachis morerobust thanthesimpledirectsum
of thecues.

1.1. RelatedWork

DeformableModelshave beenusedin a variety of ar-
easandapplications.In computervision for trackingand
shapeestimation[8, 4, 24], in computergraphicsfor syn-
thesisand simulation [6] and in medicalapplicationsfor
reconstruction,modelingand diagnosis[22, 2]. Most of
theseapproacheshave beendeterministic;that is, they did
not addressthestatisticaluncertaintiesinherentin tracking
images,and in �tting the modelsto a particularshapeor
image.

Throughout the years different statistical approaches

have been explored for computer vision applications.
Among others,thereareCondensation[14, 11], andKal-
manFilters for trackingandfor predictingmotion [3, 23].
Suchapproacheseitherdo not scalewell with theproblem
size,or make assumptionsabouttheshapeandthecharac-
teristicsof theprobabilitydistribution functions.However,
oftennothingis known aboutthemexcepttheir bounds.

Interval arithmetic[19, 20] manipulatessuchboundsdi-
rectly. It hasbeenlargely usedin numericalanalysisand
optimization [9], and computergraphics[25, 10]. This
approachsuffers from overestimationof bounds,and the
completeloss of information on how boundsin multidi-
mensionalintervals are correlated. More recently, af�ne
arithmetichasbeendevelopedto overcometheseshortcom-
ings [1, 26]. It haspreviously beenappliedto numerical
optimization[5, 17, 13].

In this paperwe apply af�ne arithmetic to embedde-
formablemodelswithin a statisticalframework. This ap-
proachallows us to avoid making assumptionsabout the
probabilitydistribution functions,unlikemostprevioussta-
tistical approachesto computervision, and it scaleswell
with the number of parametersused in the deformable
modeldescription.

2. Deformable Model Tracking

Fundamentally, a deformablemodel framework is a
Lagrangiandynamicssystemparameterizedby a vector

� [18]:

�

�
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As the tracking processevolves, we integrate
�

� with the
Eulerintegrationmethod.

We obtainthecoordinatesof eachpointonadeformable
modelthrougha seriesof linear andnon-linearoperations
appliedover its parameters� . We convert contributions
from a 2D visual cue � applied to a point ��� on the de-
formablemodelto generalizedforces�����

�

� , whichacton the
modelparameters.Theconversionto generalizedforcesis
obtainedthroughtheapplicationof thematrix �

� , which is
the projectionof the modelJacobianat point �

� to image
space.Thesumof thesegivesusthegeneralizedforce �

�

� �

for cue � :

�

�

� �

	! 

�

�

�

� �

�

	" 

�

�$#

�

�

�

�&% (2)

where �

�

� is the imageforce from cue � at point �
� in

imagespace.If theseimageforcesareindependentrandom
variables,andthenumberof elementsin this sumis large,
the centrallimit theorem[21] (CLT) statesthat a a multi-
dimensionalGaussianis a goodrepresentationof �

�

� �

, even



if the probability distributionsof the imageforcesareun-
known.
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where H

�

is themeanvectorand 1

�

is thecovariancema-
trix. Usualproofsof the CLT requirei.i.d. randomvari-
ables,but if thesevariables'distributionssatisfyextra con-
ditions (third absolutemomentboundedand 0 I�J

K

0MLON ),
thenonly independenceis necessary[7]. In ourapplication,
thedomainsof thedistributionsarebounded,whichimplies
thatthethird absolutemomentsarebounded.Evenif were-
lax theconditionof thederivative on thedistributions,it is
still possibleto boundtheerrorof theapproximatedGaus-
siandistributions[7].

To integrate the contribution of the cueswith the de-
formablemodel,weneedto combinethe �

�

� �

into thesingle
generalizedforce �

� in thebestpossibleway:
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In a deterministicframework, � is simply a weightedsum
of the �

�

� �

. In a statisticalframework, we usea maximum
likelihoodestimator, asdescribedin Sec.5.

In thenext sectionwe describethe tools thatwill allow
usto estimatethemeanvector H

�

andthecovariancematrix
1

�

thatstatisticallydescribeeach�

�

� �

.

3. Af�ne Arithmetic

To modelthevisualcues(pointtracker, optical�o w, etc.)
properlyasrandomvariableswe needto know the proba-
bility distribution function of their values. In the general
case,this is a complicatedproblemthatmight needstrong
knowledgeof theapplication.Theassumptionsmadewhile
estimatingthedistributionsmightnotalsotranslatewell for
differentapplications.

To getaroundtheseproblemswe modelonly theregion
of the valuesthat the cue's imageforcestake; that is, the
supportof their probabilitydistributions. Af�ne arithmetic
providesthe framework to manipulatetheseregions. Cal-
culatingthegeneralizedforcesoperateson regions,instead
of realnumbers.

Theresultof applyingtheseoperationsto thecue's im-
ageforcesis a region in the model parameterspacerep-
resenting�

�

� �

. Becauseof the large numberof individual
imageforces,it is thenpossibleto estimatetheparameters

H

�

and 1

�

of theGaussianthat represent� �

� �

basedon the
propertiesof this region,asdescribedin Sec.4.

3.1. Af�ne forms and the mathematicaloperations

Thebasicatomof theaf�ne arithmeticis calledanaf�ne
form. An af�ne form V

W representsan interval andis repre-

sentedas:
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In d

� the coef�cients Wbe arerealnumbers,whereasin d
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they are f -dimensionalvectors. The ^

e aresymbolic real
variableswhosevaluesareunknown, but guaranteedto lie
in the interval gih
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= 0. The quantity W Y

is calledthecentral value(mean),andthe ^

e arecalledthe
noisesymbols. Eachnoisesymbol^

e representsanindepen-
dentcomponentof thetotal uncertainty. By scaling^

e with
the W e from Eq. 5, it is possibleto obtainarbitrarily large
intervalsof uncertainty.

As an example,considera two-dimensionalvectorde-
scribinga cue's imageforce m from a visual cue � , �

�

� . It
canbedescribedasanaf�ne form asfollows:

V

�

�

�

	on

V

I,p

V

I�q�r

	sn

'Ut

)

t

r

[un

)

h�v

r

^7�

[

[
n

'

t

r

^

R

[
n

t

'

r

^,w

[
n

h

'

x

r

^�y

(6)

This representation,shown in Figure1, describesa vector
whosemeanis at 
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respectively (plottedasthe light gray on Figure1). How-
ever, becauseV

I
p and V

I
q sharethenoisesymbols^Z� and ^�y ,

theirvariationsarenot independent.In fact, �

�

� hasto lie in
thedarkregionof Figure1.
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Figure 1. Joint rang e of two par tiall y depen­
dent quantities in AA.

Interval arithmetic [19] is anotherway to track inter-
vals; eachinterval is just representedas the pair g

W|�U�T��}

j

.
Af�ne arithmetichasa signi�cant advantagein that it pro-
videstighterbounds.In addition,unlike interval arithmetic,
it preservesthe informationon thecorrelationbetweenthe
componentsof �

�

� �

. In Figure1 thelight grayregionshows



thebestpossibleboundthatcouldberepresentedby interval
arithmetic.

For eachoperationon realnumberswe have to de�ne a
counterpartfor af�ne forms.Af�ne operationslike

V
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arecalculatedexactly, where
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where V

‚ , V

† , and V

~ areaf�ne forms,and € , „ , and ‡ arereal
constants.Thede�nition of this operationis

~ Y 	•€�‚ Y […„�† Y []‡ and ~Pe-	•€�‚Ae�[…„-†&e/� (8)

Note that any operationde�ned on two af�ne forms also
de�nesthisoperationonanaf�ne formandascalar, because
a scalar Œ is trivially representedby the af�ne form W4Y•	

Œ . For this reason,the operationsnecessaryto convert an
imageforce to a generalizedforce in Eq. 2 are still valid
whentheimageforcesareaf�ne forms.

Non-af�ne operationsrequirea more careful analysis.
For eachoperationwe have to determineanaf�ne approxi-
mationfor thevalid range.Wethenintroduceanextra inde-
pendentnoisesymbolis to carry the introducederror, thus
keepingtheintervalvalid. A thoroughdescriptiononhow to
do theappropriateoperations(reciprocate,multiplications,
exponentials,trigonometric,etc.)canbefoundin [26].

Wenow show how to obtaintheGaussianparametersH

�

and 1

�

from anaf�ne form describingthegeneralizedcue
force �

�

� �

, so that we canuseit in a maximumlikelihood
estimator(MLE).

4. Obtaining a Gaussianrandom variable fr om
an af�ne form

After usingaf�ne arithmeticontheimageforces,weob-
tain an af�ne form for the generalizedcueforce �

�

� �

from
Eq.2, where
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Sincewe have summedmany independentelements(i.e.,
the image forces), we know from the central limit theo-
rem that a Gaussiandistribution will adequatelyapproxi-
mate �

�

� �

. We needto estimatethemeanvector H

�

andthe
covariancematrix 1

�

of this distribution.

Themeanvectoris
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but sinceall noisesymbols^

e areequallydistributedaround
theorigin,

H

�

	�Ž Y � (11)

Webreaktheestimationof thecovariancematrix 1

�

into
two problems:to determinetheeigenvectorsandtheeigen-
valuesof this matrix. Theeigenvectorsarethemajoraxes
of the region de�ned by the af�ne form. The eigenvalues
arethevariancesof theaf�ne form alongtheseaxes.

4.1. Eigenvectorsof 1

�

To �nd theeigenvectorsof 1

�

welook for theminimum-
volumehyperrectangle1 boundingthesoliddescribedby the
af�ne form. This hyperrectanglecanbe representedby an
af�ne form with exactly f noisesymbols(where f is also
thesizeof thedeformablemodel's parametervector � ), all
of which point alongorthogonaldirectionvectors. In nor-
malizedform thesevectorsarethedesiredeigenvectors.

Given an orthonormalbasis •U–

e/— of d

. , there is an
af�ne form – that representsthe hyperrectangleoriented
alongtheaxes –

e , andwhich containsthe solid described
by V
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. Its descriptionis
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where€
e is thesumof theabsolutevaluesof theprojections
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Theproblemis now reducedto �nding •U–
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1ahigher-dimensionalrectangle



This operationonly changes€

K and €

• . To minimize the
volumealongthis rotationoperationit is necessaryto �nd

ž suchthat €™J

K

€�J
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(the € correspondingto –

J

K and –
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) is ata
minimum.Ouralgorithmis theapplicationof this localop-
timizationoverall pairsof vectorsstartingfrom anarbitrary
orthonormalbasis•P¨
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4.2. Eigenvaluesof 1
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If all noisesymbols^

� areidenticallydistributed(since
they areby de�nition independent,this would imply I ID),
wecansimplify Eq.16by notingthat klg
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5. Merging the Cues

To obtaintheprobabilitydistribution of thegeneralized
force

�

� , we integratetheGaussiandistributionsof thecues'

generalizedforcesthatwe obtainedin theprevioussection
with a MLE. In thecaseof Gaussiandistributions,theopti-
mal MLE is a simple,non-predictive Kalman�lter[16 ]. Its
inputareGaussiandistributions,andit yieldsanotherGaus-
siandistribution whosemeanH is themaximumlikelihood
estimateof

�

� , andwhosecovariancematrix 1 is anestimate
of its con�dence.

Each cue is describedby the mean vector H

�

and
the covariance matrix 1

�

. We iteratively apply the
Kalman MLE over each one of the cues. After
each iteration the Kalman MLE holds the best esti-
mate of VH
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and V
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�

for the cues already processed.
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6. Application and Experiments

As anapplicationwe augmentedour deformablemodel
trackingsystemto useaf�ne arithmeticinsidethecuemod-
els, and then to convert it to Gaussiansusing the method
describedin theprevioussections.Werepresenttheparam-
etersof thedeformablemodelasa vectorof scalars,which
we integratewith themaximumlikelihoodestimateH of

�

�

in theLagrangiandynamicsystem,obtainedby converting
theaf�ne formsof thecues'imageforcesto af�ne formsof
generalizedforces,summingthemupto form thecues'gen-
eralizedforces�

�

� �

, andconvertingthemto Gaussiandistri-
butions. Currentlywe do not usethe con�denceestimate
in the covariancematrix 1 during the integrationprocess;
however, futurework shouldmakeuseof it.

In the next subsectionswe describe,for eachcue,how
we have constructedthe initial randomvariablesthat will
bepropagatedto the�nal Gaussians,andpresenttheresults
of ourmethod.

6.1. Point Tracker

The point tracker trackshigh-contrastpointson thede-
formablemodelin imagespace.Thecriterionfor choosing
a point's positionin thenext frameis theminimumsumof
squareddifferences(SSD) overapatchwithin asmallregion
aroundthepoint'spositionin thecurrentframe.Thedistri-
bution of the SSDs in the region aroundthepoint provides
uswith informationonthecon�denceof thetrackedpoint's
position.

Intuitively, the smallerthe differencebetweenany two
SSDs, the higheris the uncertaintybetweenthe two pixels



V

�

e and V

��� correspondingto thesetwo SSDs. Weexpressthis
relationshipin theaf�ne form thatdescribesthepositionof
the trackedpoint �

e at pixel V�

e by extendingits boundsin
thex andy directionsin imagespaceto cover bothpoints.
Ratherthanchoosingan arbitrarycutoff valuefor the dif-
ferencebetweenthe SSDs to decidewhetherto extendthe
boundsto include a point, we attenuatethe magnitudeof
the boundswith a decayingexponentialfunction. We de-
scribethepositionof V�

e with theaf�ne form
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where ÑGÑÓÒ

e is the SSD at the tracked point's position,
Ñ¾ÑÓÒ

� is theSSD for point �

e at imagecoordinatesV
�

� , and
Ç and Œ dependon thesizeof thepatchusedfor computing
the SSD, andtheregion searched.Thecue's imageforce is
thedifferencebetweentheaf�ne form V

�

e andthepoint �

e 's
positionin thepreviousframe.

6.2. EdgeTracker

For thispaper, wehavemodeledasimplestatisticaledge
tracker. Themeanof theforceis obtainedthroughthegra-
dientof a potential�eld providedby a smoothededgede-
tector.

The af�ne form hastwo components,onealongthe di-
rectionof the mean,andoneperpendicularto it. The �rst
componentis inverselyproportionalto themagnitudeof the
gradientof the �eld — thelower thepotential�eld values,
thelower is thecon�dence,andthusthehigherthevariance
hasto be. Thesecondcomponent,in thedirectionperpen-
dicular to the gradientof the potential�eld, is «

�

‚�[

«

R

,
where ‚ is the�rst component,and «

�3Ô

'

and «

R

Ô

t

are
constants.

Therationaleis thattheuncertaintyalongtheedgeis al-
wayshigherthantheuncertaintyperpendicularto theedge,
sincethereis no informationon whetherthe edgemoved
alongthisdirection.

6.3. Optical Flow

We implementeda statisticalversionof a simpleoptical
�o w [27]. Assuminga constant�o w in a patcharoundthe
desiredpoint, theestimatedoptical�o w Õ is a leastsquares
problem,andwe solve it throughthetwo-dimensionalsys-
tem Ö
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Themagnitudeof thespatialgradientis a goodmeasure
of the reliability of the optical �o w estimateat that point.
This magnitudecan,throughaninverserelation,determine
thehow largeis thecon�denceregionin thedirectionof the
optical�o w.

Theeigenvaluesof

Ö

#

×ßR

Ø have a directrelationwith
the gradient; they tell us aboutthe propertiesof that im-
age's neighborhood,andhow the apertureproblemaffects
the results. Two high eigenvaluesmeana very goodesti-
mate,two low eigenvaluesmeanthattheoptical �o w is not
well de�ned, onehigh andone low eigenvaluemeanthat
we have a lower con�dencein the directionperpendicular
to theestimated�o w.

Weusethehighereigenvalueto estimateoneuncertainty
boundalong the direction of the �o w, which is inversely
proportionalto the largereigenvalue. We estimateanother
uncertaintyboundalongthe directionperpendicularto the
�o w basedon theratioof theeigenvalues.

6.4. Results

In thissectionweshow two examples,onesyntheticand
onewith real data. For the syntheticexamplewe build a
model of a wedge,and renderedimagesfrom two differ-
entpointsof view. We tracked thesetwo imageswith two
differentpoint trackersasdescribedin Section6.1,onefor
eachpoint of view. Becauseof the low amountof texture
in the images,thesepresentas dif�cult a test for a point
tracker-basedcueascanbe. In �gure 2(a) we show some
snapshotsof oneof theimagesequences,aswell astheplot
of themaximumerrorin pixelsfor eachcamerain boththe
deterministicandstatisticmethods.

For the real examplewe have constructeda low reso-
lution facemodel that has31 parametersde�ning the fa-
cial anthropomorphicproportions.Theseparametersarere-
sponsiblefor the �tting of the modelto an individual. On
top of thesewe have addeddynamicmotionparametersto
capturethe deformationsfrom facial expressions.In Fig-
ures6.4 and6.4 we show two real trackingsequencesob-
tainedfrom our system. Our methodenabledus to track
over300framesin thefacesequencewith asinglecamera.
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Figure 2. Synthetic example . 2(a) Snapshots of one image sequence . 2(b) and 2(c) compare the
deterministic against the statistic for each one of the cameras.

Figure 3. Real images: Tracking of face rotation and translation with statistical methods

Figure 4. Real images: Tracking of raising eyebrows with sim ultaneous head tilting with statistical
methods



7. Conclusionsand Future Work

In this paperwe introducedaf�ne arithmetic to propa-
gatethe boundariesof randomvariables.We canusethis
methodwithoutprior knowledgeof theprobabilitydistribu-
tion functions,aslongasthereis awayto obtainanestimate
of therandomvariable'sbounds.

Our framework for integration of cues is elegant and
adaptive. It allows the dynamiccombinationof cuesthat
havenointeractionwith oneanother;thatis, they maycome
from different cameras,or even different sourcesof data.
The framework scaleswell with the numberof the cues
available.

Therearestill someimportantopenproblemsto be ad-
dressed.If the initial af�ne form doesnot cover theentire
domainof the distribution of the randomvariable,part of
theprobabilitieswill bediscarded.Ontheotherhand,if the
interval spannedby the af�ne form is too large, therewill
bea lossof correlationinformationbecausenon-af�ne op-
erationsover af�ne formsareapproximatedby local af�ne
ones[26]. Morework is requiredto understandthetradeoff
betweentoo-largeandtoo-smallregions.

In the short term, integrating a shapefrom shading
cue [24] within the statisticalframework should improve
theprocessfor the initial �tting of deformablemodels. In
addition,usingtheKalmanMLE's covarianceestimatein a
predictive�lter mayfurtherimprovethetrackingresults.
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