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Abstract

Deformablemodelsarea usefulmodelingparadigmin computervision. A deformable

modelis acurve,asurface,or avolume,whoseshape,position,andorientationarecontrolled

throughasetof parameters.They canrepresentmanufacturedobjects,humanfacesandskele-

tons,andevenbodiesof �uid.

With low-level computervision and imageprocessingtechniques,suchas optical �o w,

we extract relevant information from images. Then,we usethis information to changethe

parametersof the model iteratively until we �nd a goodapproximationof the object in the

images. When we have multiple computervision algorithmsproviding distinct sourcesof

information(cues), we have to dealwith thedif�cult problemof combiningthesesometimes

con�icting contributionsin asensibleway.
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In thispaper, weintroducetheuseof adirectedacyclic graph(DAG) to describetheposition

andJacobianof eachpointof deformablemodels.Thisrepresentationis dynamic,�e xible,and

allows computationaloptimizationsthatwould bedif�cult to do otherwise.We thendescribe

anew methodfor statisticalcueintegrationmethodfor trackingdeformablemodelsthatscales

well with thedimensionof theparameterspace.We useaf�ne formsandaf�ne arithmeticto

representandpropagatethecuesandtheir regionsof con�dence.We show thatwe canapply

the Lindeberg theoremto approximateeachcuewith a Gaussiandistribution, andcanusea

maximumlikelihoodestimatorto integratethem.

Finally, wedemonstratethetechniqueatwork in a3D deformablefacetrackingsystemon

monocularimagesequenceswith thousandsof frames.

Keywords: StatisticalCueIntegration,DeformableModel Tracking,Af�ne Arithmetic,Face

Tracking,DirectedAcyclic Graphs,DeformableModelRepresentation.

1 Intr oduction

For yearsengineersandcomputerscientistshave beendealingwith differentabstractionsto rep-

resentrealsolid objectsinsidea computer. Oncethecomputerhasaninternalmodelof anobject,

we cananalyzetheobject's propertiesandsimulateits performance(with �nite elements,for ex-

ample),we cantransformtheobjectto achieve specialeffects,andwe caneven try to recognize

theobjectandits actions.We call a deformablemodelany objectwhoseshapechangeaccording

to a setof parameters.

Deformablemodelscan representa wide variety of shapes,from manufacturedpartsto the

soft surfaceof the humanbody. In computervision, deformablemodelsconstrainthe tracking

problemthroughtheclassesof deformationsthatthey describe.In tracking,for example,we look

for the valueof the parametersfor eachframe,insteadof the 3D positionsof every point of the

model.This restrictionsimpli�es theproblem.Theaccuracy andreliability of adeformablemodel

trackingapplicationis stronglydependenton how well theobjectundertracking�ts thefamily of
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shapesdescribedby the parameterizationof the model. Thereis a �ne balancebetweengetting

thesmallestpossibleparameterspace,thusdealingwith a moretractableproblems,andcapturing

enoughvariability in theshape.

It is hardto storeandmanipulateall thesemodelsin a uni�ed way, andto parameterizethem.

Furthermore,with large-scalemodels,computationalef�ciency becomesa seriousconcern.The

representationof modelshasbeenextensively investigatedin computergraphics[19, 22,18], but

not in computervision. In the�rst partof this paperwe presenta �e xible datastructurefor repre-

sentingthemodelsandassociatedparameterizationsthat is suitablefor computervision tracking

applications.This datastructureis basedon a directedacyclic graph(DAG), which describeshow

pointson the modeldependon oneanotherandon the parameters.It allows us to computethe

positionsandJacobiansof pointsef�ciently , which areneededto track deformablemodels. Su-

per�cially, this datastructurebearssomesimilaritiesto graphicalmodels,but differs from them

in that we do not propagateprobabilitiesthroughit. The conceptof the DAG, however, is pow-

erful enoughthat in future work it could be extendedto propagateprobabilitiesfrom the model

parametersdown to thepointpositionsandassociatedJacobians.

However, properrepresentationis only partof thepicture.In deformablemodeltracking,each

computervision algorithmidenti�es a largenumberof local imagedisplacements.Thesearethen

mappedintoparameterspace,usingthelocalprojectedJacobian(seeEquation2 in Section5.2)and

summedupto form asinglegeneralizedforce, alsocalledacue. As longasonly onecueis usedat

a time,estimationof themodelparametersis a straightforwardprocessusinga dynamicalsystem

(seeSection3). The picturechangesdramatically, however, whenmultiple cuesact on a model

at the sametime. The cuesmay affect differentparameters,may yield con�icting information,

andmayevenhavetheirpropertieschangeovertime,invalidatingprior assumptionsof therelative

reliability of thecues.

Furthermore,dueto thenoiseinherentin mostlow-level computervision cues,differentcues

will exhibit differentdegreesof reliability at differentpointson the modelsurface. Evenworse,
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usuallythedistributionof thenoiseis unknown. Asaresult,estimatingtheprobabilitydistributions

for theoptimalautomatedintegrationof cuesto yield thebestpossibleparameterestimateof the

modelis adif�cult andopenresearchproblem.

In the secondpart of this paperwe addressthis problem. We describea novel statisticalap-

proachto theestimationof theprobabilitydistributionsof thecues.Our methodis basedon the

interrelationshipsbetweenaf�ne forms, af�ne arithmetic,andGaussianprobability distributions.

We developa methodfor conversionbetweenaf�ne formsandGaussians.This methodsupports

automatedcueintegration,scaleswell with thedimensionof theparameterspace,andavoidsmost

assumptionsabouttheprobabilitydistributionof thenoisein eachof 2D imageforcesof thecues.

We useaf�ne forms to representthesupportof the local imagecontributions,while avoiding

making assumptionsaboutthe actualshapeof their probability distribution functions. We use

af�ne arithmeticto convert themto generalizedforces,andto sumthemup to form thecue.Given

certainconditions(seeSection5.2),we canuseLindeberg's theoremto show that thesumof the

local imagecontributionsmakingupacuecanbeapproximatedby aGaussian-distributedrandom

variable,whosesupportis representedby an af�ne form. Moreover, we discusshow to bound

the error in the approximationwith the Berry-Esseentheorem. Onceeachcueis representedas

Gaussiandistribution,their integrationbecomesa taskfor amaximumlikelihoodestimator.

The rest of this paperis organizedas follows: We discussrelatedwork, then give a brief

introductionto thedeformablemodeltrackingframework. We follow with a detaileddescription

of the DAG representation,andthe statisticalcueestimationandintegrationframework. Finally,

wevalidateourapproachbothquantitatively andqualitatively with facetrackingexperiments.

2 RelatedWork

Af�ne formsandaf�ne arithmeticweredevelopedin theninetiesasanalternative to classicalin-

terval arithmetic. Af�ne arithmeticprovidestighter boundsthaninterval arithmeticin cascaded
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operations. Unlike interval arithmetic[32], it also preserves information aboutmutual depen-

denciesbetweenresults. Sincethen it hasbeenusedin numericalapplications[31], electrical

engineering[16], computergraphics[13], andcomputervision [21].

Gaussianprobability distributions are a widely-usedtool in engineering[17], as they have

severaldesirableproperties:preservationof linearity, compactnessof representationvia themean

andcovariancematrix,andseveralconvergencetheorems,notablythecentrallimit theorem.

A broadoverview of thedifferentmethodsfor representationof objectsin computergraphics

canbe found in [22]. Oneof the �rst constructive representationsof objects,Constructive Solid

Geometry, wasa treewith booleanoperationsto constructthe volumeof the solid object [35].

Hierarchicaldeformationshave beenlong usedto representskeletonsandarticulatedrigid bodies

in bothcomputergraphicsandrobotics[12,18]. Thesekindsof hierarchiescanberepresentedasa

tree.Whenprobabilitiesarepropagatedalongamodel,techniquessuchasBayesianNetworks[24]

or covariancepropagation[1] canbeused.They aredifferentfrom our DAG in thatwe do not yet

usethe structureto propagateprobabilities. In computergraphics,a very similar methodto our

DAG approachhasbeenusedfor dynamiccontrolof modelsandtheir constraints[19].

Deformablemodelsandtheir representationsarean active areaof researchin both computer

graphicsandcomputervision. Snakeswerea landmarkin the literatureof computervision [28]

expandedto activeshapes[11] andactivecontours [4] to allow statisticalrepresentationof the

shapeof themodelandaccomplishseveral tasks,from trackingto recognition.Stereoandshape

from shadingobtain initial �ts [36], and using a similar framework, [15] usesanthropometric

dataand inspireddeformationsto generatefaces. A learning-basedstatisticalmodel can help

trackingof facemodels[6]. Eigen-basedapproachescansuccessfullytrack,�t, andevenrecognize

objects[33, 5, 34]. In [9] the headis modeledasa cylinder, and in [3] asa plane,andin [34]

trackingis usedfor animation,to mentionjusta few.

Cueintegrationis notanew topic. In [14] atwo-cueintegrationalgorithmis presentedbasedon

theuseof constraints,in which optical�o w is de�ned to betheconstraining(i.e.,mostimportant)
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cue,andedgesarede�ned to bethesecondarycue.This framework requiresanapriori user-based

de�nition of which cueis the mostimportantone. A voting approachfor disambiguationof cue

information,alongwith a very thoroughreview andcomparisonof severalmethods,is proposed

in [7]. In this paper, we describea methodfor automatedcueintegrationthat is generalenough

to merge contributionsof cuesthat are structurallyvery dissimilar. Unlike previous work, our

approachavoidsmakingapriori assumptionsaboutthedistributionof noisein cues,andit weights

eachcue's contributiondynamicallydependingon how muchnoiseit contains.

Thereareseveralstatisticalapproachesdesignedfor tracking,estimation,andprediction.The

Kalman�lter [30], for example,treatstheparametersandtheobservationsasmultivariateGaus-

sians,andalsousesa linearpredictive model. Particle �lter [23] techniques(condensation[26])

propagatetheevolution of non-Gaussiansampleddistributionsthroughnonlinearoperations.Un-

fortunately, they requireknowledgeof the observations' distributions,andthe necessarynumber

of samplesof thedistributiongrowsexponentiallywith thedimensionof theparametervector.

3 Deformable Models

The shape,position,andorientationof the surfaceof the modelarecontrolledby a setof n pa-

rametersq. For every point i on the surfaceof the model, thereis a function F i that takesthe

deformationparametersand�nds

pi = Fi (q)

wherepi is thepointpositionin theworld frame.

In addition,mostcomputervisionapplications,suchasdeformablemodeltracking,requirethe

�rst orderderivatives,sowerestrictFi to theclassof functionsfor which the�rst orderderivative
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existseverywherewith respectto q: Thisderivative is theJacobianJ i , where

J i =

2

6
6
6
6
4

j j

@pi
@q1

� � � @pi
@qn

j j

3

7
7
7
7
5

:

Eachcolumnl of theJacobianJ i is thegradientof pi with respectto parameterql :

Fitting and Tracking

In principle, thereis a cleanandstraightforward mathematicalapproachto track the parameters

of deformablemodelsacrossimagesequences.Low-level computervision algorithmsgenerate

desired2D displacementson selectedpointson themodel;that is, thedifferencesbetweenwhere

thepointsarecurrentlyaccordingto thedeformablemodel,andwherethey shouldbeaccording

to themeasurementsfrom theimage.Thesedisplacements,alsocalledtheimage forces,arethen

convertedto one n-dimensionaldisplacementfg in the parameterspace,called the generalized

force, andusedasa forcein a �rst-order masslessLagrangiansystem:

_q = fg + Finternal (q); (1)

whereFinternal (q) is the resultof internal forcesof the model(i.e. elasticity). We integratethis

systemwith theclassicalEulerintegrationprocedure,whicheventuallyyieldsa �x edpoint,where

fg = 0: This �x edpoint correspondsto thedesirednew positionof themodel.

In orderto usethesystemof Equation1 we have to accumulateall the2D imageforcesfrom

thecomputervision algorithmsinto fg: First. we convert eachimageforce f i on a point pi into a

generalizedforce fgi in parameterspace,which describesthe effect that the singledisplacement

at point pi hason the modelparameters.Obtainingthe singlegeneralizedforce fg thensimply
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consistsof summingup all fgi :

fg =
X

i

fgi ; where fgi =
X

i

B i
> f i ; and B i =

@Pro j
@p

�
�
�
�
pi

J i : (2)

B i is theprojectionof theJacobianJ i from world coordinatesinto imagecoordinatesvia theimage

projectionmatrixPro j at pointpi .

Generatingthe generalizedforce in this mannerworks �ne as long as all the imageforces

comefrom thesamecue(i.e.,thesamelow-level visionalgorithmonthesameimage).Thepicture

changesdramaticallywhen thereare multiple cuesvia multiple computervision algorithmsat

work. In this case,eachgeneratesa distinctgeneralizedforce fg;c, andwe have to integratethem

into thesinglegeneralizedforcefg of Equation1. Unfortunately, multidimensionalcueintegration

is in no way a simpleproblem. In Section5 we describetheproblemfurtheranddevelopa new

methodto integrateany numberof cuesstatisticallyin anoptimalway.

The conceptof the dynamicalsystemworks well only if thereis a closematchbetweenthe

modelandthecorrespondingimage.As a result,it is importantto startthetrackingprocesswith

a goodinitial “�t” of themodelandits registrationto the�rst image.Fitting is a very interesting,

but hardproblemin itself, andis beyondthescopeof this paper. For thepurposesof theexperi-

mentsrunin thispaper, weinitially �t themodelby manuallyspecifyingcorrespondencesbetween

selectedpointson themodelandtheimagefrom the�rst frame.

4 Dynamic Representationof Deformable Models

Therepresentationthatwe choosefor deformablemodelshasa signi�cant effect on the tracking

applicationin two areas:First, it affectshow easyit is to recon�guretheapplicationto trackdif-

ferentmodels,andsecondit affectscomputationalperformance.As thedemandsof thecomputer

vision applicationsincrease,sodoesthe level of detail neededfor themodels.A modeldetailed
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enoughto tracksubtlefacialexpressions,for example,requiresthousandsof polygonswith dozens

of parameters.With suchlargenumbersof points,which areevaluatedrepeatedlyduringtheinte-

grationof Equation1, it becomesessentialto avoid repetitive computations,sowe requirea way

to storecommonsubexpressions.In addition,mostpointson themodeldependonly on a few pa-

rameters,sotheirJacobiansareaccordinglysparse.Mostsigni�cantly, however, with largemodels

memoryperformancebottlenecksandcachesizesbecomeaseriousconcern.Becauseof thelarge

numberof nodesinvolved, andthe imageprocessingthat needsto be doneon every frame,the

modeldatastructureandintermediateresultsare�ushed from theCPUcacheson a regularbasis.

Underthesecircumstances,specialmeasuresareneededto minimizetheimpactof cachemisses.

To addresstheseconcerns,we now describea directedacyclic graph datastructurefor the

descriptionof arbitrarydeformablemodels.Its dynamicnatureallows our trackingframework to

adaptover time, to optimizethecomputations,andto minimizecachemisses.

4.1 Dir ectedAcyclic Graph (DAG)

At the model's core lies a discretedynamicstructurewith a �nite numberof points,whosepo-

sitionsandJacobiansdependon oneanotherandon the modelparametersaccordingto a setof

mathematicalfunctions.We organizethepointsandmathematicaldependenciesdynamicallyin a

graph,whichweevaluatebottom-up,onanas-neededbasis.

Therearetwo basicelementsin this structure:nodesanddependencies. Nodescanbenormal

nodesandghostnodes. Normal nodescorrespondto actualpointson the surfaceof the model.

Ghostnodes,on theotherhand,arenot physicalpointson themodel's surface. Rather, they are

accumulatorsof commonsubexpressions,temporaryresults,or vectors.Thedependenciesarethe

mathematicalbuilding blocksthat allow us to propagatethe positionsandJacobiansrecursively

throughthedeformablemodel.

Eachnodehasoneparent:a dependency, which in turn canhave multiple nodesasparents.

Eachdependency representsamathematicalfunctionthatdescribeshow thepositionandJacobian
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of a particularnodeis determinedby the positionsandJacobiansof the respective parentnodes.

Whenever we querya nodefor its position,or Jacobian,thenodeforwardstherequestto there-

spective parentdependency. Thedependency in turn getstheposition,or Jacobian,of theparent

nodes,andcalculatestheresultingposition,or Jacobian(usingthechainrule). To avoid indeter-

minateexpressionsthereareno loops1; thusthis structureis a directedacyclicgraph(DAG). We

now describethemostimportantdependenciesin moredetail.

4.2 Dependenciesof the DAG

We needonly a small set of simple dependenciesto model af�ne deformations.They can ap-

proximatemost complex deformations,throughthe smartuseof ghostnodesto hold common

subexpressions.

Fixed Point This dependency doesnot have any nodeasa parent. It takes3 constants� 1; � 2;

and� 3 to de�ne its positionandJacobian:

pi = [� 1 � 2 � 3]
> and J i = 0: (3)

Almostevery recursiveevaluationof theDAG eventuallybottomsoutatoneor more�x edpoints.

Linear Combination of Points This dependency requiresa setof nodesf n1; : : : ; nkg anda set

of constantsf � 1; : : : ; � kg: Then,asthenameimplies:

pi =
kX

j =1

� j pj and J i =
kX

j =1

� j J j ; (4)

1This is not strictly necessary, astherearerecursive mathematicalexpressionsthatarewell de�ned, but to allow
this classof expressionwould increasethecomplexity of thedatastructureandaffect computationalfeasibility.
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wherepj is thepoint representedby nodenj ; andJ j is theassociatedJacobian.Thisdependency is

usefulto specifythebarycentriccoordinatesof apointwith respectto aparameterizedaf�ne basis.

Add Parameterized Vector (“ AddParVec”) This dependency addsa vector representedby

threeconstants� 1; � 2; and� 3, scaledby parameterl, to anexistingnoden j .

pi = pj + ql [� 1 � 2 � 3]
> and J i = J j +

2

6
6
6
6
4
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0

0

0
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� 1

� 2

� 3
| {z }

l

� � �

0

0

0
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3

7
7
7
7
5

: (5)

This dependency is useful to specify a point with respectto a vectorspacebasis. Thesethree

dependenciesareonly a smallsubsetof all theonesthatwe have implemented,but capturemost

of theimportantdeformationsof a modelin a trackingapplication.

4.3 Advantagesof the DAG

Theadvantagesof usingthisdatastructureto representdeformablemodelsaremanifold. It is fully

dynamic,so it caneasilybeconstructedandmodi�ed at run time, insteadof compile-time.As a

result, it canbe controlledthroughscripting languages,which facilitatesadaptingandrecon�g-

uring the framework for differentapplicationswith a minimum amountof effort. An important

consequenceis that thedependenciescanbeselectedandbuilt programmaticallythroughscripts,

insteadof having to behand-picked. We take advantageof this facility by specifyingtheeffect of

deformationson regionsof polygonsin a declarative style,which our scriptinglibrary automati-

cally translatesinto anappropriateDAG at run time. Otherwise,specifyingdeformationson large

modelswith thousandsof polygonswouldbeprohibitively cumbersome.

From an ef�ciency point of view, the datastructureallows for several highly effective opti-

mizations:
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Common subexpressions Eachnodehasan associatedstorageareain which its positionand

Jacobianarecached.They arerecomputedonly whenthe cachedinformationhasbecomestale.

As a result,by usinga ghostnodeto representa commonsubexpression,our framework ensures

thatit is computedonly once.

Sparsematrices Most of thenodes'Jacobiansdependon very few parameters,andhenceare

very sparse.Our framework collectsfor eachnodethe set of parameters,on which it depends

directlyor indirectly. Basedonthisset,it determineswhichrowsof theJacobiansit actuallyneeds

to compute,andwhich onesaresimply setto zero. This optimizationdramaticallycutsdown on

thenumberof computationsthatneedto beperformed.It alsopotentiallyallows for saving space,

but doingso is a double-edgedsword, becauseit interfereswith theregularity of memoryaccess

patternsin thenext optimization.

Cachebehavior As mentionedbefore,becauseof thesizeof themodelsandthenatureof image

processing,thedatastructuresare�ushed from the CPUcacheson a regularbasis. In the worst

case,�usheshappenatevery iterationwhile theframework integratesthedynamicalsystem,caus-

ing cachemisseswhenever theDAG is accessed.Themissescanbeminimizedto someextentby

clusteringaccessesto theDAG, but thelatenciescausedby cachemissesareby far themoreserious

problem,andareexacerbatedby theever increasingrift betweenCPUandmain memoryspeed.

ModernCPUssupporthardwareprefetchingof cachelines,but with thecurrentstateof theart this

strategy is effectiveonly if thememoryaccesspatternsareregularlyspacedandpreferablylinear.

It is in this areawhereusingthe DAG datastructurepaysoff the most. Througha modi�ed

topologicalsort our framework determinesthe orderin which the nodeswill be accessedduring

the calculationsof the positionsandJacobians.It then lays out the associatedstorageareasin

memoryto ensurethat theaccesspatternsduringthecalculationsarelinear. It alsoschedulesthe

readaccessesto this informationduring the computationsof the generalizedforcesto maximize
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the chanceof regular patterns,and interspersesthemwith cacheprefetchinstructions;with the

net effect that the cachemiss latenciesarealmostcompletelyeliminatedin typical trackingap-

plications. This optimizationwould be very dif�cult to performwithout a fully dynamicaldata

structure.

4.4 Putting it Together: A Deformable FaceModel

The basisof the deformablefaceis a staticmeshof the face. Any modelcanbe used,but the

coarserthetessellation,theharderit is for computervision algorithmsto selectgoodfeatures.For

our experiments,we startedwith a staticgeometricmodelof a head,publicly madeavailableby

thecomputergraphicsgroupof theUniversityof Washington2 aspartof [34]. Wescissoreda face

maskout of the headmodel,andsimpli�ed it. The resultwasa staticmaskmodelof a generic

facewith 1101nodesand2000faces.Wede�nedparametersandassociatedregionsfor theraising

andloweringof theeyebrows, for thesmiling andstretchingof themouth,for theopeningof the

jaw, aswell as7 parametersfor thereferenceframe(a total of 11 parameters).For simplicity, we

modeledthe the jaw movementasan af�ne transformation.This approximationis suf�cient for

smallopeningsof themouth,eventhougharotationoperationis thecorrectway to modelthejaw.

Initially, all nodeson the staticmeshareexpressedas �x ed points,asschematicallyshown

in Figure1 (a), center. In theory, we could de�ne a deformationfor eachnodeon the modelby

hand,but doingsowouldbeextremelycumbersome.Instead,wede�ne deformationsbasedonthe

conceptof regions. We projectthestaticmeshinto a cylindrical coordinatespacewith theorigin

in thecenterof thehead(Figure1 (a), left). In thisspacefor eachparameter, wemarkoneor more

regionsof nodesthatareaffectedby it (seerows(b) and(c), left, in thesame�gure).

As an example,considerthe upward curving of the mouthin a smile. The generaldirection

of the curving is upward andaway from the cornersof the lips, so we would like to model the

deformationsof thosenodeswith “Add ParameterizedVector” dependencies,which all move in

2http://www.cs.washington.edu/research/ graph ics/p roject s/rea lface /
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thesamedirection[u1u2u3]> andshareacommonparameterthatde�nestheextentof theupward

curving. However, not all nodesareaffectedequallymuch: The nodesclosestto the cornersof

the lips move themost,with theeffect graduallydiminishingaswe considernodesfurtheraway

from this location. We thereforeneedto scalethe directionvectorby a constant� that depends

on how mucha givennodeis affectedby thesmile. Thus,the �nal directionvectorfor the“Add

ParameterizedVector”dependency (Equation5) becomes[� 1� 2� 3]> = � [u1u2u3]> .

Wescalethedirectionvectordependingonthedistanceof thenodefromtheedgeandthecenter

of themarkedregion in thecylindrical coordinatespace.For mostdeformations,we usea linear

relationshipto computethescalingfactors� from thedistances.However, for somedeformations

— especiallylip curvingwhenthejaw opens—, anexponentialdecayfunctionto compute� has

provento bemoreaccurate.Notethatnomatterwhatscalingfunctionis used,thesearecomputed

at theconstructiontime of theDAG, andthusyield constants.As a concreteexample,in Figure1

in row (b), left, thenodein questionis closerto thecenterof theregion thanin row (c), left. Thus,

we scalethedirectionvectorfor thedependency in row (b), center, signi�cantly morethanfor the

onein row (c), center.

Becauseregionscanoverlapwhena nodeis affectedby multiple parameters,we chain the

dependenciesinto layers of deformations, one per parameter. From top to bottom, the center

columnof Figure1 shows a progressionof layersof deformations.We startwith the �x edpoint

from the staticmesh. In the next row we apply the deformationfrom the curving of the mouth

in a smile. The original �x ed point becomesa ghostnode,and the new position is calculated

throughthe“Add ParameterizedVector” dependency from theold �x edpoint. In thebottomrow,

this processis cascadedto accountfor themovementof thenodewhenthejaw is opened,andthe

endresultis a nodethatdependson theoriginal �x edpointandtheadditionof two parameterized

vectors.

Theregionsarepartof thedeclarativedescriptionof thefacemodelthatwebrie�y mentionedin

Section4.3.Thecomputationof thescalingfactorsfrom theregionsandthesubsequenttranslation
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into thedependenciesis doneautomaticallyby ourscriptinglibrary at run time.

5 Statistical Cue Integration

Thelow-level computervision algorithmsprovideestimatesof local two dimensionalforcesto be

appliedto pointsof the model. Thesecanbe corruptedby noise,andsometimeseven by errors

causedby local failuresof the algorithm. As an example,considerthe differencebetweenpoint

and edgetracking; the former works best in high-texture areas[37], whereasthe latter works

beston one-dimensionaldiscontinuities[8]. As a result, the reliability of the estimatesfrom a

particularcuecanvarydramatically, dependingonwhichimageregiontheinformationcamefrom.

Moreover, thenoisecharacteristicsof the imagecanaffect thereliability of a cueasa whole,but

somemodelparameterscanbeaffectedmorethanothers.In our experimentsfrequentlyonecue

woulddelivermorereliableestimatesof themodelrotationthananother, andviceversa.

Theseconsiderationsmakeit clearthatcombiningtheinformationfrom multiplecuesis avery

dif�cult problem.Thestandardapproachto cueintegrationis simplyto let eachmethodconvertthe

2D imageforcesintoarepresentativegeneralizedforcein parameterspaceandtoaveragetheminto

asinglegeneralizedforcefg; whichis thenusedin Equation1. Thisapproach,however, completely

ignoresthat the estimatesfrom the cuesexhibit different degreesof reliability. An alternative

approachis to useone cue as a constraint[14], but this approachis still too in�e xible in the

casewhentheconstrainingcuebecomesunreliable.A statisticalapproachseemslike theobvious

solution,but it opensanothercanof worms:how doweestimatetheprobabilitydistributionsof the

contributionsfrom thevariousimageforces?Becausethenoisein the imageforcesis unknown,

wecannotknow whattypeof probabilitydistributionbestcharacterizesit.

To addresstheseproblems,we now describea novel statisticaltechniquefor theestimationof

cueprobability distributionsthat doesnot assumeanything aboutthe noisein the imageforces,

exceptthat it is uniformly bounded.This assumptionis reasonablebecauseof thevery natureof
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(c)

(b)

(a)

Projection of model into cylindrical coordinates

Selection of scaling factors by proximity
to center of region

Fixed
Point

Support for
smiling + jaw
opening

AddParVec AddParVec

Undeformed point Support for smiling

Fixed
Point

Undeformed point

Fixed
Point

AddParVec

Support for smilingUndeformed point

DAG representation (layers of deformations) Effect on model

Figure1: Constructionof the facemodel throughthe useof layersof deformation. Diamonds
representdependencies,dashedcirclesrepresentghostnodes,andsolid circlesrepresentnormal
nodes. The left column shows the de�nition of regions in cylindrical coordinates.The center
columnshows the applicationof layereddeformationsfor a nodefrom theseregionsvia adding
parameterizedvectors,whosemagnitudesdependon the distanceof the nodefrom the centerof
theregion. Theright columnshows theeffecton thenodein thedeformablemodel.
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thecomputervisiontrackingapplication:thereare�nite displacementsbetweensuccessiveframes,

sotheamountby whichthemodelhasto bemovedfrom oneframeto thenext oneis always�nite.

The key elementof this techniqueis the representationof the supportof the noisewith 2D

regions.Weusetwo-dimensionalaf�ne forms f̂ i;c to representtheseregionsfor aparticularcuec:

f̂ i;c = a0 +
mX

i =1

ai " i ; (6)

wherea0 is a two-dimensionalvector that representsthe centerof the region, ai are also two-

dimensionalvectors,and" i arethenoisevariables(or noisesymbols). They areindependentfrom

oneanother, althoughwedonotknow theshapeof theirdistributions.Theirsupportis " i 2 [� 1; 1],

andwe let E[" i ] = 0. Thus,af�ne forms describea symmetric,convex polytope. By usingthe

af�ne arithmeticcounterpartsto addition and multiplication by a scalar(seeAppendix A), we

propagatethemthroughEquation2 to obtainthesupportof thegeneralizedforcefor eachcueas

ann-dimensionalaf�ne form, wheren is thedimensionof theparameterspace.

Even thoughwe cannotsayanything aboutthedistributionsunderlyingthe imageforces,we

canmake a strongstatementabouttheprobabilitydistribution of thegeneralizedforce: It canbe

approximatedwell bya Gaussiandistribution. Thejusti�cation comesfrom Lindeberg's theorem,

whichstatesthatundercertainconditionsthesumof alargenumberof randomvariablesconverges

to a Gaussian.We discussin Section5.2.1that for our trackingapplicationtheseconditionsare

satis�ed,andalsoboundtheerrorof theapproximation.

By approximatingthegeneralizedforcefrom eachcuewith aGaussian,wecanintegratethem

with a maximumlikelihoodestimator(MLE). Overall, the integrationconsistsof the high-level

stepsgivenin Algorithm 1. Next, wedescribeeachstepin moredetail.
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Algorithm 1 High-level overview of cueintegrationtechnique.
for eachcuec do

Selectall pointsthatcuec shouldto use.
for eachselectedpointpi do

f̂ i;c  � 2D af�ne form to beusedastheforceatpointpi :
end for
f̂g;c  �

X

8i

B >
i f̂ i;c {Calculatesthegeneralizedforceasanaf�ne form.}

~f g;c  � Gaussianapproximationof f̂g;c:
end for
~f g  � MLE

n
~f g;c

o

8c
.

Apply meanof ~f g asgeneralizedforcein Equation1

5.1 Computer vision cuesasregions

The�rst stepis to estimatetheimageforcesas2D af�ne forms,insteadof 2D vectors.Wecompute

regionsfor theimageforcesin
� 2; whichcapturetheareaof con�dence,in whichtheuncorrupted

2Dforcefalls. Therearerigorousstatisticalmethodstoestimatesuchregions[27,29]; nevertheless

herewe only usesimple heuristics. Becauseaf�ne forms are restrictedto convex, symmetric

regions,we mayhave to overestimateregionsin orderto ful�ll theserestrictions.Eachlow-level

computervision methodhasto selectwhich pointsof the modelhave good local propertiesfor

their own requirements,thusavoiding obviousoutliers.Thesepropertiesaremethod-speci�cand

constitutea broadresearchtopic of their own [20]. We now brie�y describehow to estimatethe

af�ne formsfor threedifferenttypesof cues.

Edge Tracker We computethe distance�eld on the resultof a Canny edgedetector. On each

selectednode,weapplya2D forcealongthedirectionof thegradientof thedistance�eld, with the

valueof thedistance�eld astheforce'smagnitude.Thus,thisforcepointsto theclosestedgepoint.

However, we do not know whethertheclosestedgepoint is indeedthedesiredone,or whetherit

is someotherpoint alongthesameedge.For this reason,we modeltheregion of uncertaintyasa

rectanglethatis elongatedalongthedirectionof theedge,asshown in Figure2.
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Figure2: Af�ne form for theimageforcein anedgedetector. Thesizeof theregionalongtheedge
is largerthantheregionperpendicularto it, describingthedifferentcon�dencesalongtheseaxes.

Point Tracker A correlation-basedpoint tracker takesan imageanda position,andsearchesa

point in thenext imagewhoseneighborhoodis assimilaraspossibleto theoriginalneighborhood.

We usea modi�ed versionof theKLT Tracker library3 [39] to selectandtrackpoints.Theimage

forceconsistsof thedisplacementof a point betweensuccessive frames.In this cue,errorsoccur

whenthedeformablemodelhaspartially lost trackin thepreviousframe,andasa resultthepoint

is beingtrackedfrom anincorrectposition.Wedo,however, know with certaintythattheposition

of thepoint is correct:in the�rst frame,to which wehave �tted themodel.

Wecantakeadvantageof thisknowledgeby trackingthepointbothfrom the�rst frameandthe

previousframeto thecurrentone.In thecommoncase,thisapproachyieldstwo distinctpositions

for thepoint, with thecorrectonemostlikely beingsomewherein thevicinity betweenthem. To

boundtheregionof con�dence,wecreatea rectanglethatis orientedalongtheline betweenthese

two positions,andthatencompassesbothof them.

Optical Flow Variationsof the classicaloptical �o w algorithm [2] try to estimatethe image

motionthroughtheoptical�o w constraint

@I
@x

+
@I
@y

+
@I
@t

= 0:

3http://vision.stanford.edu/~birch/klt/
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We estimatethe region of con�dence basedon how good the gradientinformation is for the

pointsthatwe selectfor optical �o w. To extract this information,we computethegradientcross-

correlationmatrix

M =

2

6
6
6
4

X

j 2 
 i

r x2
j

X

j 2 
 i

r x j r yj

X

j 2 
 i

r x j r yj

X

j 2 
 i

r y2
j

3

7
7
7
5

;

wherer x j is the horizontalgradientat point j , r yj is the vertical gradientat point j , and 
 i

is a patcharoundthe desiredpoint i . The larger the eigenvaluesfor M are, the better is the

gradientinformationalongthecorrespondingeigenvector, andthehigheris thecon�dencein our

estimate.Accordingly, we de�ne a rectanglewith sidesparallelto theeigenvectorsastheregion

of con�dence.Thesizesof thesidesvary inverselywith thesizeof theeigenvalues.

5.2 GeneralizedForces,Af�ne Forms and Gaussians

Eachcuec; asdescribedin thelastsection,is transformedinto a generalizedforce. SinceB i (the

projectedJacobianof point i ) is a matrix andf̂ i;c (the2D forceof cuec appliedto point i ) is a 2D

af�ne form, Equation2 is asetof linearoperationsover f̂ i;c andtheresultinggeneralizedforcef̂g;c

is anaf�ne form in parameterspace.

We now show that f̂g;c canbeapproximatedwell asaGaussianrandomvariable

~f g;c �
1

p
(2� )n j� c j

e� 1
2(f̂g;c � � c)> � c

� 1(f̂g;c � � c) (7)

with mean� c andcovariance� c: Afterwardwe describeamethodto computethisapproximation

ef�ciently .

5.2.1 Proof of GaussianApproximation: Lindeberg Theorem

Theaf�ne formsrepresenttheboundedsupportof thegeneralizedforce. By de�nition, all noise

variablesof the af�ne form areindependent(AppendixA), which implies that the imageforces
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mustbeindependentfrom another. Weensurethis independenceby selectingthepoints,for which

we computetheimageforces,suf�ciently far apartfrom oneanother;in our experimentswe used

a radiusof 5 pixels.

Theaf�ne form is thesumof many independentrandomvariables,whosesupportis abounded

1D segmentembeddedin
� n . Eachnoisevariablehasan unknown probabilitydistribution, and

they arenotnecessarilyidenticallydistributed.In [20], weusetheLindeberg theorem[10,pp205+]

to provethat,if all thel imageforcesf i , appliedatpointspi of thedeformablemodelareindepen-

dentandhaveboundedsupport,thenthegeneralizedforcerepresentedby anaf�ne form, obtained

accordingto Equation2, convergesto aGaussianasthenumberof imageforcesgrows to in�nity .

For estimatingthe error in the approximation,we canusethe Berry-Esseentheorem,which

boundsthe maximumerror betweenthe distribution and its Gaussianapproximationas a ratio

betweenthesumof theabsolutethird momentsandthecubeof thesumof thestandarddeviations

of theelementsof thesum.

5.2.2 Mean of GaussianApproximation

Theestimationof themean� c is astraightforwardcalculation.Thegeneralizedforceis

f̂g;c = a0 +
mX

i =1

ai " i ;

where" i arethenoisevariablesof theaf�ne form (AppendixA). Themeanvectoris

� c = E
h
f̂g;c

i
= E [a0] +

mX

i =1

E [ai " i ] = a0 +
mX

i =1

ai E [" i ]; (8)

but sincelet all noisevariables" i have their meanat theorigin,

� c = a0: (9)
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5.2.3 Covarianceof GaussianApproximation

Findingthecovariancematrix for theGaussianapproximationof anaf�ne form is notatrivial task.

Af�ne formsde�ne Zonotopesin higherdimensions,whichmeansthatthecomplexity of geometric

algorithms(whichusethepointsor facesof theregion)growsexponentiallyin thedimension[20].

In [21] we useda heuristicto �ne a hyperparallelepipedwith minimumvolume. Here,insteadof

interpretingtheaf�ne form geometrically, we take advantageof theexpectationpropertiesof the

randomvariables.Usingthede�nition of thecovariancematrix � c andEquation9:

� c = E
h
(f̂g;c � a0)( f̂g;c � a0)>

i
: (10)

Eachelement� ij of � c is

� ij = E
h
(f̂g;c � a0) i (f̂g;c � a0)>

j

i
= E

" 
mX

k=1

aki " k

!  
mX

l=1

al j " l

!#

;

whereaki is theith componentof thevectorak in f̂g;c, and(f̂g;c � a0) i is theone-dimensionalaf�ne

form correspondingto theith componentof (f̂g;c � a0).

Expandingthe sumwe observe that, becausethe " aremutually independentandhave zero

mean,thecrosstermsarezero:

� ij =
mX

k=1

aki akj E
�
"2

k

�
=

mX

k=1

aki akj � 2
" k

; (11)

or, if weassumethatall noisevariableshaveacommonvariance� 2
" ;

� ij = � 2
"

mX

k=1

aki akj : (12)

We build � c usingEquation11 or 12. Notethatbothequationsarejust a multiplicationof an

n-by-m matrixwith its transpose,wherethe� " k ak form thecolumnsof thematrix. With astandard
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implementationof a matrix multiplication,this algorithmhascomplexity O(n2m), wheren is the

dimensionof the af�ne form andm is the numberof noisevariables. Besidethe simplicity of

implementation,thealgorithm'smostcompellingadvantageis thatit providesanoptimalestimate

of the principal axes of the Gaussiandistribution if the conditionsof Lindeberg's theoremare

satis�ed. Thereasonis that if theseconditionsaresatis�ed,Lindeberg's theoremtells us that the

af�ne form indeedrepresentsaGaussianprobabilitydistribution,andtheGaussianestimatedfrom

Equations11 or 12hasboththesame�rst-order andsecond-ordermomentsastheaf�ne form.

5.3 GeneralizedForceIntegration

We have shown how to obtainthe Gaussianrepresentations~f g;c for eachcuec (seeEquation7).

Theremainingtaskis to combinetheir contributionsinto a singlegeneralizedforcefg, sothatwe

canintegratethedynamicalsystemin Equation1 with contributionsfrom multiple cues.We use

aniterativeGaussianmaximumlikelihoodestimator(MLE) to combineall cuesoptimally .

Algorithm 2 GaussianMaximumLikelihoodEstimator.

Initializes: �̂ 1  � � 1; ^� 1  � � 1

for c = 2 : : : nc do {Wherenc = numberof cues}

bc  � �̂ c� 1

�
�̂ c� 1 + � c

� � 1

�̂ c  � �̂ c� 1 + bc (� c � �̂ c� 1)
�̂ c  � (I � bc) �̂ c� 1

end for
�  � � nc; �  � �̂ nc

5.4 Computational Considerations

For eachframe,solvingEquation1 requiresmany iterations.Theprocesswould becomputation-

ally too expensive if all quantitieshadto berecomputedat eachiteration.Fortunately, it hasbeen

shown that in normalsituations,wherethe displacementsbetweenframesarenot too large, the

projectedJacobiansB i needto becalculatedonly onceperframe,insteadof periteration[14].
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If weassumethattheshapeof theaf�ne form representinganimageforce f̂ i;c doesnotchange

during the iterationsover a single frame,the shapeof B >
i f̂ i;c alsoremainsthe same. For many

cues,this assumptionis valid, becausethe imageis processedonly onceper frame. In this case,

the covariancematrix of the Gaussianapproximationof f̂g;c also remainsthe same. By taking

advantageof this propertywe cansubstantiallyoptimizethe statisticalintegrationprocess:The

full statisticalcomputationsneedto be performedonly at the �rst iteration. Subsequently, the

unchangingcovariancematricescanbecached,andonly themeansneedto berecomputed. With

this optimization,the overheadof the statisticalintegrationmethodover the classical,averaging

integrationmethodbecomesnegligible, on theorderof 5% of thetotal run time.

6 Experimentsand Validation

The systemthat we useasa basefor all experimentshasapproximately100; 000 lines of code,

in 4 languages:C++, C, lua, and TCL. The systemusesLua [25] for scripting. We provide

bindingsfor mostof our classesandalgorithms,andLua scriptscon�gure elements,control the

general�o w of the simulation(the computationallyexpensive calculationsareall donein C++),

andprovide thegraphicaluserinterfacefor severalsupportutilities. The DAG modeldescription

�les areimplementedthroughLuascriptsasamixtureof declarativeandproceduralelements.

For our experimentswe usedthe modelthatwe constructin Section4.4. In Figures3 and4

we show a few snapshotsof the tracking sequencesof two different subjects. In Figure 3 we

show a few snapshotsof a trackingsequencewith nearly4000frameson a femalesubject,andin

Figure4 we show snapshotsof a sequencewith 3600frameson a malesubject.Both sequences

werecapturedwith aresolutionof 640x480pixelsat60Hz.Theinitial �tting of themaskwasdone

usinga few hand-pickedcorrespondencesbetweenmodellandmarksandimagepointsin the�rst

frame,anddid notgiveanaccuratedescriptionof thepoints' positionsalongtheZ-axis.

We usedno predictive or corrective �lter in theseexperiments.Furthermore,we imposedno
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Figure3: Six snapshotsof a trackingsequenceof nearly4000frames.Thedeformablemodelused
herehas11 parameters.

Figure4: Six snapshotsof a trackingsequenceof 3600frames.Thedeformablemodelusedhere
has11parameters.

25



constraints(exceptfor thenormalityof theorientationquaternion)onthevaluesof theparameters.

Validation

To performaquantitativevalidationwecollectedaspecialsequenceof images.Usingmakeup,we

drew markers(blackdots)on thefaceof thesubjectbeforecapture.Later, usingasemi-automated

procedure,we determinedthe2D positionof thesemarkerson every frameof thesequence.The

sequenceis 1 minute long, andwas capturedat 60Hz (3600 frames). During the tracking, we

disallowedtheselectionof any pointsby thelow-level visionalgorithmsthatweretoocloseto the

markers,sothatthemarkerswouldnotaffect thetrackingprocess.Wealsospeci�edthepointson

themodelthatcorrespondedto eachmarker, andprojectedtheminto imagespaceat every frame,

soasto estimatethe2D positionsof themarkers.Thedistancebetweenour estimateandthereal

2D positionof themarkersdeterminedtheerrorof thetracking.

In thestandarddeformablemodelframework,everypointhasanequalweightin thesumof the

generalizedforces(Equation2). If we groupthe2D imageforcesaccordingto thetypeof cue(as

wedo in ourstatisticaltechnique),standardcueintegrationcanbeviewedastheaverageweighted

by thenumberof forcesoneachcue.

We comparedtheaverageerrorsthatwe gainedfrom trackingwith our statisticalcueintegra-

tion algorithm,andthestandardmethodof averagingthecuesunder6 differentconditions:at the

original imagesizeof 640� 480andat a rescaledsizeof 320� 240, andat frameratesof 15Hz,

30Hz, and60Hz. We simulatedthe lower frameratesby subsamplingthe imagesequenceover

time. In Figure5 weseetheresultsat640� 480. It tookoursystematmost1.1secondsperframe,

of which 0.6 secondswerespenton imageprocessing.We used600 stepsin the integrationof

Equation1. In Figure6 we seetheresultsat 320� 240. Our systemusedat most0.7secondsper

frame(including0.2secondsfor imageprocessing),with 600stepsin theintegrationof Equation1.

Figures5 and6 show thatastheframerateof thesequencesdecreases,thetraditionalaveraging

methodlosestrackearlier. Theseresultsaresupportedby our qualitativeevaluationof unmarked
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Figure5: Validationat full 640� 480resolution.Plotof theaverageerror, in pixels,of thevisible
markers.
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Figure6: Validationat scaled320� 240 resolution. Plot of the averageerror, in pixels, of the
visible markers.
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trackingsequences,aswell. Notethatfor bothmethodstheoverallaverageerrorin thevalidation

sequencesis larger thanit would be undernormalconditions,becausethe markerswerelocated

in areasof interest;thuswe wereforcedto ignoremany modelpointsthatwould otherwisehave

providedthesystemwith importanttrackinginformation.

We candraw theconclusionthat thestatisticalcueintegrationmakesthesystemsigni�cantly

morerobustcomparedto thestandardaveragingmethod.Thiseffect getsmoreaccentuatedasthe

quality of the cues,imagesizes,or frameratesdecrease.For an explanationfor the difference

in robustnessconsiderthe contourof the face: ideally, we would have a perfectly continuous

edge,providing the edgetracker with a large numberof selectedpointswhereto apply forces.

Nevertheless,thereare a few points along the contourwith enoughtexture to be classi�ed as

corners,suchasa birth mark,or thebeginningof theearlobe.Althoughthesearefew in number,

they arecan,individually, provideamuchmorereliableestimateof movementthanedges.

In the standardmethod,the contribution to the parametersfrom the point tracker's corners

in this region is diluted, sincethe numberof edgeforcesin that areais so muchlarger. On the

otherhand,in ourstatisticalapproach,thehighcon�dencein thepointsis encodedin averysmall

af�ne region thatrepresentstheimageforce.Theseregionsaremappedinto parameterspace,and

eventuallyaffect thecovariancematrix of theGaussian.High con�denceleadsto small termsin

the covariancematrix. The maximumlikelihoodestimatoressentiallydoesa weightedaverage

basedon theinverseof thecovariances:smallcovarianceshave largerrelativeweight,sothemost

reliablepointsareweightedthemost.Analogousargumentsapplyto otherregionsandothercues.

Thecruxof theargumentis thatthestatisticalcueintegrationis capableof weightingthecues

differently, andindividually, for themany parameters,accountingfor the thedifferentproperties

of the modeland image. Sincethe parametricestimationof the cuesis donecontinuously, our

methodis adaptive to the dynamicchangesin the imagesequence,andkeepsthe trackingdrift

undercontrol.For long sequences,asweshow in thispaper, evensmall improvementsin thedrift

controlarecapableof substantialgainsin trackinglength.
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Thesystembehaveswell androbustlyaslongasthemodelfor thepointsis valid. As expected,

problemsarosewhentherewascomplex mouthmovementwhile thefaceunderwentlargerotations

(around75 degrees).Two thingscontributedto this behavior: �rst, thebaddepthestimateof the

facemodel,sincethe�t wasaccomplishedfrom only onefrontal view, andsecond,thesimpli�ed

linearapproximationof thejaw opening(seeSection4.4).

7 Conclusionsand Futur eWork

It is hardto designef�cient and�e xible representationsof deformablemodel. The existing lit-

eraturefrequentlyconcentrateson the high-level mathematicalfoundations,andfails to describe

the implementationdetails. To specifydeformablemodelseasily, andto get goodperformance

out of them,we needa powerful modelspeci�cationtechnique.In this paperwe have described

a representationbasedon a DAG that �lls this gap. This datastructureallows the descriptionof

complex deformationswith a setof simplebasicblock operations.It allows fastcalculation,on

demand,of bothpositionsandJacobians.It allows usto constructthedeformationswith a mixed

proceduralanddeclarative approach,andcan restructurethemdynamically. Most critically for

goodperformance,it supportsCPUcacheoptimizationson-the-�y.

Thenext stepin extendingtheDAG formulationis thecreationof new algorithmsfor theauto-

maticconstructionof theDAG from data,with thesetof possibledependenciesasa constraint.In

this framework, theuseof principalcomponentanalysis(PCA) for shapedescription[5] is just a

specialcase(whereonly af�ne operationsover thenodesareallowed).Sincethedeformationsare

describedasagraph,anotherinterestingproblemis how to modify anexisting DAG automatically;

for example,to simplify it in orderto obtainamorecomputationallyef�cient structure.

We have describeda statisticaltechniquethat allows cueintegrationwithout having to know

theprobabilitydistributionsof theimageforces.It scaleswell with thedimensionof theparameter

spaceandis generalenoughto integratecuesof verydifferent,andevenincompatible,origin. Al-
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thoughwehavenotexploredit in thispaper, ourmethodis ableto combineinformationfrom a3D

scanneror a stereopair, with thenormalmonocularvision algorithms.Af�ne arithmeticcaneven

beusedin thestereosystem,for example,to estimatea 3D region of con�dencewherethecorre-

spondencesshouldbebasedon the2D con�denceregionsof thematchingcorrespondences.Our

methodrequiresthereformulationof theunderlyingbasiccomputervision techniques,sothatthe

algorithmsestimateconvex symmetricregionsinsteadof 2D forces.In spiteof this reformulation,

thecomputationalconsiderationsin Section5.4show thattheeffect onspeedis small.

In this paperthe DAG formulationandestimationof cueprobability distributionsvia af�ne

arithmeticare two important,yet essentiallyseparatebuilding blocks for a deformabletracking

system. Combiningthemwill be oneof the most importantfuture applications,becauseit will

allow propagatingtheprobabilitydistribution of the parametervectorthroughthe DAG to obtain

probabilisticestimatesof thenodepositionsandJacobians.Af�ne arithmeticis ideally suitedfor

this task,for two reasons:First, it keepstrackof correlationsacrossdifferentintermediatevalues,

andsecondit canhandlenonlinearnodedependencies,suchasrotations.Sucha stepwould also

make theDAG structuremoresimilar to existinggraphicalmodelsfor probabilitypropagation.
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A Af�ne Forms and Af�ne Arithmetic

Af�ne arithmeticis anumerictechniquesimilarto intervalarithmetic,in thesensethatit propagatesregions,

insteadof numbers,acrossarithmeticoperations.Theatomof af�ne arithmeticis calledanaf�ne form. An
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af�ne form â is representedas:

â = a0 +
mX

i =1

ai " i (13)

In �

1 the coef�cients ai are real numbers,whereasin �

n they are n-dimensionalvectors. The " i are

symbolic real variableswhosevaluesareunknown, but guaranteedto lie in the interval [� 1: : : 1]. The

quantitya0 is calledthecentral value(mean),andthe" i arecalledthenoisevariables. Eachnoisevariable

" i representsanindependentcomponentof thetotaluncertainty. In �

1, â representsaninterval andin �

n a

convex polytope,whosenumberof facesdependsonn andm.

For eachoperationon realnumberswe have to de�ne a counterpartfor af�ne forms. Af�ne operations

like

ẑ = � x̂ + � ŷ + � ; (14)

arecalculatedexactly, wherex̂, ŷ, andẑ areaf�ne formsrepresentedby

x̂ =
mX

i =1

x i " i ; ŷ =
mX

i =1

yi "; i and ẑ =
mX

i =1

zi " i ;

and� , � , and� arerealconstants.Thede�nition of thisoperationis

z0 = �x 0 + � y0 + � and zi = �x i + � yi : (15)

Notethatany operationde�nedontwo af�ne formsalsode�nesthisoperationonanaf�ne form andascalar,

becausea scalars is trivially representedby theaf�ne form a0 = s.

Althoughfor our cueintegrationtechniqueweonly needaf�ne operations,asspeci�ed in Equation14,

otheroperationsarealsopossible.A thoroughdescriptionof how to do operationslike reciprocation,mul-

tiplication,exponentiations,trigonometry, andevenhow to de�ne anew operation,canbefoundin [38].

An af�ne form that is the resultof an operationon otheraf�ne forms sharesits noisevariableswith

the af�ne forms of the operands.As a result,andin contrastto interval arithmetic,af�ne forms preserve

interdependenciesbetweenvaluesfrom intermediatecomputations.After a seriesof cascadingoperations,

af�ne arithmeticusuallyprovidestighterboundsthaninterval arithmetic.
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As anexample,considera two-dimensionalaf�ne form f cj asfollows:

fcj =

0

B
@

f̂ x

f̂ y

1

C
A =

0

B
@

10

20

1

C
A +

0

B
@
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� 3

1

C
A "1 +

0

B
@

1

0

1

C
A "2 +

0

B
@

0

1

1

C
A "3 +

0

B
@

� 1

4

1

C
A "4: (16)

This representation,shown in Figure7, describesa vectorwhosemeanis at (10; 20)> : If f̂ x andf̂ y were

takenasindependent,their spannedintervalswould be[6: : : 15]and[12: : : 18], respectively (plottedasthe

light grayon Figure7). However, becausêf x andf̂ y sharethenoisevariables" 1 and"4, their variationsare

not independent.In fact,f cj hasto lie in thedarkregion of Figure7.

6 14

12

28

Figure7: Region de�ned by the2D af�ne form of Equation16. In darkgraywe seetheregion of
theaf�ne form,while in light grayis theregionof theinterval counterpart.Source:“Self-Validated
NumericalMethodsandApplications”,Stol� andFigueiredo,1997(usedwith permission).
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