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Abstract

Deformablemodelsare a useful modeling paradigmin computervision. A deformable
modelis a curve, a surface,or avolume,whoseshapeposition,andorientationarecontrolled
throughasetof parametersThey canrepresenimanufcturedobjects humanfacesandskele-
tons,andevenbodiesof uid.

With low-level computervision and image processingechniquessuchas optical ow,
we extract relevant informationfrom images. Then, we usethis informationto changethe
parameter®f the modeliteratively until we nd a goodapproximationof the objectin the
images. Whenwe have multiple computervision algorithmsproviding distinct sourcesof
information(cue3, we have to dealwith the dif cult problemof combiningthesesometimes

con icting contritutionsin asensiblevay.



In this paperweintroducetheuseof adirectedagyclic graph(DAG) to describeheposition
andJacobiarof eachpointof deformablemodels.Thisrepresentatiois dynamic, e xible, and
allows computationabptimizationsthatwould be dif cult to do otherwise.We thendescribe
anew methodfor statisticalcueintegrationmethodfor trackingdeformablamodelsthatscales
well with the dimensionof the parametespace.We useaf ne formsandafne arithmeticto
represenaindpropagatehe cuesandtheir regionsof con dence. We shawv thatwe canapply
the Lindebeg theoremto approximatezachcue with a Gaussiardistribution, and canusea
maximumiikelihoodestimatorto integratethem.

Finally, we demonstratéhetechniqueatwork in a 3D deformablegacetrackingsystenon
monoculaimagesequencewith thousandsf frames.

Keywords: StatisticalCuelntegration,DeformableModel Tracking,Af ne Arithmetic, Face

Tracking,DirectedAcyclic Graphs DeformableModel Representation.

1 Intr oduction

For yearsengineersaand computerscientistshave beendealingwith differentabstractiongo rep-
resentreal solid objectsinsidea computer Oncethe computerhasaninternalmodelof anobject,
we cananalyzethe object's propertiesandsimulateits performancgwith nite elementsfor ex-
ample),we cantransformthe objectto achiese specialeffects,andwe caneventry to recognize
the objectandits actions.We call a deformablemodelary objectwhoseshapechangeaccording
to a setof parameters.

Deformablemodelscan representa wide variety of shapesfrom manufcturedpartsto the
soft surface of the humanbody. In computervision, deformablemodelsconstrainthe tracking
problemthroughthe classe®f deformationghatthey describe In tracking,for example,we look
for the value of the parametersor eachframe, insteadof the 3D positionsof every point of the
model. Thisrestrictionsimpli es theproblem.Theaccurag andreliability of adeformablemodel

trackingapplicationis stronglydependenon how well the objectundertracking ts thefamily of



shapesiescribedby the parameterizatioof the model. Thereis a ne balancebetweengetting
the smallestpossibleparametespacethusdealingwith a moretractableproblems andcapturing
enoughvariability in theshape.

It is hardto storeandmanipulateall thesemodelsin auni ed way, andto parameterizé¢hem.
Furthermorewith large-scalemodels,computationakf ciency becomesa seriousconcern.The
representationf modelshasbeenextensiely investigatedn computergraphicg19, 22, 18], but
notin computevision. In the rst partof this paperwe present e xible datastructurefor repre-
sentingthe modelsandassociategharameterizationthatis suitablefor computervision tracking
applications.This datastructureis basedon a directedagyclic graph(DAG), which describegiow
pointson the modeldependon one anotherand on the parameterslt allows usto computethe
positionsand Jacobian®f pointsef ciently, which areneededo track deformablemodels. Su-
per cially, this datastructurebearssomesimilaritiesto graphicalmodels,but differs from them
in thatwe do not propagategorobabilitiesthroughit. The conceptof the DAG, however, is pow-
erful enoughthatin future work it could be extendedto propagatgrobabilitiesfrom the model
parameterslown to the point positionsandassociatedacobians.

However, properrepresentatiors only partof thepicture.In deformablemodeltracking,each
computervision algorithmidenti es alarge numberof local imagedisplacementsThesearethen
mappednto parametespaceusingthelocal projectedlacobiar{seeEquation2 in Sectiorb.2)and
summedupto form asinglegenerlizedforce alsocalledacue Aslongasonly onecueis usedat
atime, estimationof the modelparameterss a straightforvard procesaisinga dynamicalsystem
(seeSection3). The picture changesiramatically however, whenmultiple cuesacton a model
at the sametime. The cuesmay affect differentparametersmay yield con icting information,
andmayevenhave their propertiechangeovertime, invalidatingprior assumptionsf therelatve
reliability of the cues.

Furthermoredueto the noiseinherentin mostlow-level computervision cuesdifferentcues

will exhibit differentdegreesof reliability at differentpointson the modelsurface. Evenworse,



usuallythedistributionof thenoiseis unknavn. As aresult,estimatingheprobabilitydistributions
for the optimal automatedntegrationof cuesto yield the bestpossibleparameteestimateof the
modelis adif cult andopenresearctproblem.

In the secondpart of this paperwe addresghis problem. We describea novel statisticalap-
proachto the estimationof the probability distributionsof the cues. Our methodis basedon the
interrelationshipbetweenaf ne forms af ne arithmetic,and Gaussianprobability distributions
We develop a methodfor corversionbetweenaf ne formsandGaussiansThis methodsupports
automatedueintegration,scaleswvell with thedimensionof theparametespaceandavoidsmost
assumptionaboutthe probability distribution of the noisein eachof 2D imageforcesof thecues.

We useaf ne formsto representhe supportof the local imagecontributions,while avoiding
making assumptionsboutthe actualshapeof their probability distribution functions. We use
afne arithmeticto corvertthemto generalizedorces,andto sumthemup to form thecue.Given
certainconditions(seeSection5.2), we canuselLindebeg's theoemto showv thatthe sumof the
localimagecontributionsmakingup a cuecanbe approximatedy a Gaussian-distriltedrandom
variable,whosesupportis representedby an afne form. Moreover, we discusshow to bound
the errorin the approximationwith the Berry-Esseertheoem Onceeachcueis represente@s
Gaussiardistribution, their integrationbecomes taskfor amaximumlikelihoodestimator

The rest of this paperis organizedas follows: We discussrelatedwork, then give a brief
introductionto the deformablemodeltrackingframewvork. We follow with a detaileddescription
of the DAG representationandthe statisticalcue estimationandintegrationframevork. Finally,

we validateour approactbothquantitatvely andqualitatively with facetrackingexperiments.

2 RelatedWork

Af ne formsandafne arithmeticweredevelopedin the ninetiesasanalternatve to classicalin-

terval arithmetic. Af ne arithmeticprovidestighter boundsthaninterval arithmeticin cascaded



operations. Unlike interval arithmetic[32], it also preseres information aboutmutual depen-
denciesbetweenresults. Sincethenit hasbeenusedin numericalapplications[31], electrical
engineering16], computergraphicg13], andcomputevision [21].

Gaussiarprobability distributions are a widely-usedtool in engineering[17], asthey have
severaldesirableproperties:preseration of linearity, compactnesef representationia the mean
andcovariancematrix, andseveralconvergencetheoremsnotablythe centrallimit theorem.

A broadoverview of the differentmethodgfor representationf objectsin computergraphics
canbefoundin [22]. Oneof the rst constructve representationsf objects,Constructve Solid
Geometry was a tree with booleanoperationgo constructthe volume of the solid object[35].
Hierarchicaldeformationshave beenlong usedto represenskeletonsandarticulatedrigid bodies
in bothcomputemgraphicsandrobotics[12, 18]. Thesekindsof hierarchiexanberepresentedsa
tree.Whenprobabilitiesarepropagate@longamodel,techniquesuchasBayesiarNetworkq24]
or covariancepropagation[1] canbeused.They aredifferentfrom our DAG in thatwe do not yet
usethe structureto propagateprobabilities. In computergraphics,a very similar methodto our
DAG approacthasbeenusedfor dynamiccontrolof modelsandtheir constraint§19].

Deformablemodelsandtheir representationare an active areaof researchn both computer
graphicsand computervision. Snaleswerea landmarkin the literatureof computervision [28]
expandedto active shapeq11] andactive contouss [4] to allow statisticalrepresentatiomf the
shapeof the modelandaccomplishseveraltasks,from trackingto recognition. Sterecandshape
from shadingobtaininitial ts [36], and using a similar framework, [15] usesanthropometric
dataand inspired deformationsto generatefaces. A learning-basedtatisticalmodel can help
trackingof facemodelg6]. Eigen-basedpproachesansuccessfullyrack, t, andevenrecognize
objects[33, 5, 34]. In [9] the headis modeledasa cylinder, andin [3] asa plane,andin [34]
trackingis usedfor animationto mentionjust a few.

Cueintegrationis notanew topic. In [14] atwo-cueintegrationalgorithmis presentethasecn

theuseof constraintsin which optical o w is de ned to betheconstrainingi.e., mostimportant)



cue,andedgesarede nedto bethesecondargue. Thisframavork requiresana priori userbased
de nition of which cueis the mostimportantone. A voting approacHor disambiguatiorof cue

information,alongwith a very thoroughreview andcomparisorof severalmethodsjs proposed
in [7]. In this paper we describea methodfor automatedtue integrationthatis generalenough
to memge contribtutions of cuesthat are structurallyvery dissimilar Unlike previous work, our

approaclavoidsmakinga priori assumptiongsboutthedistribution of noisein cues,andit weights
eachcue's contritution dynamicallydependingon how muchnoiseit contains.

Thereareseveral statisticalapproachesdesignedor tracking,estimationandprediction. The
Kalman Iter [30], for example,treatsthe parameterandthe obsenationsas multivariateGaus-
sians,andalsousesa linear predictve model. Particle Iter [23] techniquegcondensatioh26])
propagatehe evolution of non-GaussiasampledistributionsthroughnonlinearoperationsUn-
fortunately they requireknowledgeof the obsenations' distributions,andthe necessarjmumber

of sampleof thedistribution grows exponentiallywith the dimensionof the parametewvector

3 Deformable Models

The shape position,and orientationof the surfaceof the modelare controlledby a setof n pa-
rametersy. For every pointi on the surfaceof the model, thereis a function F; thattakesthe

deformationparameterand nds

p= Fi(q)

wherep; is thepoint positionin theworld frame.
In addition,mostcomputevision applicationssuchasdeformablemodeltracking,requirethe

rst orderderivatives,sowe restrictF; to the classof functionsfor whichthe rst orderdervative



existseverywherewith respecto q: This derivativeis the JacobianJ; , where
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Eachcolumnl of theJacobianl; is thegradientof p; with respecto parameteq:

Fitting and Tracking

In principle, thereis a cleanand straightforvard mathematicabpproacho track the parameters
of deformablemodelsacrossimagesequencesLow-level computervision algorithmsgenerate
desired2D displacementsn selectedpointson the model;thatis, the differencedetweenvhere
the pointsare currentlyaccordingto the deformablemodel,andwherethey shouldbe according
to the measurementisom theimage. Thesedisplacementsalsocalledthe image forces,arethen
corvertedto one n-dimensionaldisplacement, in the parameteispace,called the genealized

force andusedasaforcein a rst-order masslestagrangiarsystem:

a-= fg + I:internal (Q), (1)

whereFinemal (4) is the resultof internalforcesof the model(i.e. elasticity). We integratethis
systemwith theclassicaEulerintegrationprocedurewhich eventuallyyieldsa x edpoint, where
fy = 0: This x edpointcorrespondso thedesirednew positionof the model.

In orderto usethe systemof Equationl we have to accumulateall the 2D imageforcesfrom
the computervision algorithmsinto fgy: First. we corvert eachimageforcef; onapointp; into a
generalizedorcefy in parametespacewhich describeghe effect that the single displacement

at point p; hason the model parameters.Obtainingthe single generalizedorce f, thensimply



consistof summingupall fg, :

X X .
fp = fg; where fo= B f; and B = SL)
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Ji: (2)

B istheprojectionof theJacobiard; from world coordinatesnto imagecoordinatevia theimage
projectionmatrix Pro j atpointp;.

Generatingthe generalizedorce in this mannerworks ne aslong asall the imageforces
comefromthesamecue(i.e.,thesamdow-level vision algorithmonthesameamage).Thepicture
changesddramaticallywhen there are multiple cuesvia multiple computervision algorithmsat
work. In this case eachgenerates distinctgeneralizedorcef., andwe have to integratethem
into thesinglegeneralizedorcefy of Equationl. Unfortunately multidimensionatueintegration
is in no way a simpleproblem. In Section5 we describethe problemfurtheranddevelopa new
methodto integratearny numberof cuesstatisticallyin anoptimalway.

The conceptof the dynamicalsystemworks well only if thereis a closematchbetweenthe
modelandthe correspondingmage. As aresult,it is importantto startthe trackingprocesswith

agoodinitial “t” of themodelandits registrationto the rst image.Fitting is avery interesting,
but hard problemin itself, andis beyond the scopeof this paper For the purpose®f the experi-
mentsrunin this paperweinitially t themodelby manuallyspecifyingcorrespondencdsetween

selecteointsonthemodelandtheimagefrom the rst frame.

4 Dynamic Representationof Deformable Models

Therepresentatiothatwe choosefor deformablemodelshasa signi cant effect on the tracking
applicationin two areas:First, it affectshow easyit is to recon gurethe applicationto track dif-
ferentmodels,andsecondt affectscomputationaperformanceAs the demand®f the computer

vision applicationancreaseso doesthe level of detail neededor the models. A modeldetailed



enoughto tracksubtlefacialexpressionsfor example requireghousandsf polygonswith dozens
of parametersWith suchlarge numberof points,which areevaluatedrepeatedlyduringtheinte-
grationof Equationl, it becomesssentiato avoid repetitve computationsso we requirea way
to storecommonsubepressionsin addition,mostpointson the modeldependonly on a few pa-
rameterssotheir Jacobianareaccordinglysparse Mostsigni cantly, however, with largemodels
memoryperformancéottlenecksandcachesizesbecomea seriousconcern Becausef thelarge
numberof nodesinvolved, andthe imageprocessinghat needsto be doneon every frame, the
modeldatastructureandintermediateesultsare ushed from the CPU cacheson aregularbasis.
Underthesecircumstancespecialmeasureareneededo minimizetheimpactof cachemisses.
To addresgheseconcernswe now describea directedacyclic graph datastructurefor the
descriptionof arbitrarydeformablemodels.lts dynamicnatureallows our trackingframework to

adaptovertime, to optimizethe computationsandto minimize cachemisses.

4.1 DirectedAcyclic Graph (DAG)

At the model's corelies a discretedynamicstructurewith a nite numberof points, whosepo-
sitionsand Jacobianglependon one anotherand on the model parametersaccordingto a setof
mathematicafunctions.We organizethe pointsandmathematicatiependenciedynamicallyin a
graph,which we evaluatebottom-up,onanas-needetiasis.

Therearetwo basicelementsn this structure:nodesanddependenciesNodescanbe normal
nodesand ghostnodes. Normal nodescorrespondo actualpointson the surface of the model.
Ghostnodes,on the otherhand,arenot physicalpointson the model's surface. Rathey they are
accumulator®f commonsubepressionstemporaryresults,or vectors.The dependenciearethe
mathematicabuilding blocksthat allow usto propagatehe positionsand Jacobiansecursvely
throughthe deformablemodel.

Eachnodehasone parent: a dependeng which in turn canhave multiple nodesas parents.

Eachdependengrepresenta mathematicalunctionthatdescribesiow the positionandJacobian

9



of a particularnodeis determinedoy the positionsand Jacobian®f the respectre parentnodes.
Wheneer we querya nodefor its position,or Jacobianthe nodeforwardsthe requesto the re-
spectve parentdependenc The dependengin turn getsthe position,or Jacobianpf the parent
nodes,andcalculateghe resultingposition,or Jacobianusingthe chainrule). To avoid indeter
minateexpressionghereareno loops'; thusthis structureis a directedacyclic graph (DAG). We

now describehe mostimportantdependencieim moredetail.

4.2 Dependencie®f the DAG

We needonly a small setof simple dependencieto modelafne deformations. They canap-
proximatemost complex deformationsthroughthe smartuse of ghostnodesto hold common

subepressions.

Fixed Point  This dependengcdoesnot have ary nodeasa parent. It takes3 constants 1; »;

and 3 tode ne its positionandJacobian:

p=[123 and J=0: (3

Almosteveryrecursve evaluationof the DAG eventuallybottomsout at oneor more x edpoints.

Linear Combination of Points This dependengrequiresa setof nodesf ny;:::;nygandaset
of constants i;:::; kg: Then,asthenameimplies:
Xk Xk
pi = ip and J;= iJi 4)
j=1 j=1

1Thisis not strictly necessaryastherearerecursve mathematicaéxpressionghatarewell de ned, but to allow
this classof expressiorwould increaseghe compleity of the datastructureandaffect computationafeasibility.

10



wherep; is thepointrepresentetly noden; ; andJ; is theassociatedacobianThisdependengis

usefulto specifythebarycentriccoordinate®f apointwith respecto aparameterizedf ne basis.

Add Parameterized Vector (*AddParVec”) This dependeng addsa vector representedy
threeconstants 1; »; and 3, scaledoy parametet, to anexisting noden; .

2 3

0 1 0
p=p+qg[12 3 and Ji:Jj+§ 0 ) 0 é (5)

0 3 0
| —{IZ—

This dependeng is usefulto specify a point with respectto a vector spacebasis. Thesethree
dependencieareonly a smallsubsetf all the onesthatwe have implementedput capturemost

of theimportantdeformationf a modelin atrackingapplication.

4.3 Advantagesof the DAG

Theadwantage®f usingthis datastructureto representieformablenodelsaremanifold. It is fully

dynamic,soit caneasilybe constructecandmodi ed at run time, insteadof compile-time.As a
result,it canbe controlledthroughscriptinglanguageswhich facilitatesadaptingandrecon g-

uring the framework for differentapplicationswith a minimum amountof effort. An important
consequencis thatthe dependenciesanbe selectedandbuilt programmaticallythroughscripts,
insteadof having to be hand-picled. We take advantageof this facility by specifyingthe effect of

deformationon regionsof polygonsin a declaratve style, which our scriptinglibrary automati-
cally translatesnto anappropriateDAG at run time. Otherwise specifyingdeformationsn large
modelswith thousand®f polygonswould be prohibitively cumbersome.

From an ef ciency point of view, the datastructureallows for several highly effective opti-

mizations:
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Common subexpressions Eachnodehasan associatedtorageareain which its positionand
Jacobiararecached.They arerecomputednly whenthe cachednformationhasbecomestale.
As aresult,by usinga ghostnodeto represena commonsubexpressionour framewvork ensures

thatit is computecbnly once.

Sparsematrices Most of the nodes'Jacobianslependon very few parametersandhenceare
very sparse. Our frameavork collectsfor eachnodethe setof parameterspn which it depends
directly or indirectly. Basedonthis set,it determinesvhichrows of the Jacobiang actuallyneeds
to compute andwhich onesaresimply setto zero. This optimizationdramaticallycutsdown on
thenumberof computationghatneedto be performed.It alsopotentiallyallows for saving space,
but doing sois a double-edge@dword, becauset interfereswith the regularity of memoryaccess

patterngn thenext optimization.

Cachebehavior As mentionedefore becausef thesizeof themodelsandthenatureof image
processingthe datastructuresare ushed from the CPU cacheson a regular basis. In the worst
case,usheshapperatevery iterationwhile the framewvork integrateshe dynamicalsystemcaus-
ing cachemissesvheneer the DAG is accessedThe missescanbe minimizedto someextentby
clusteringaccesse® the DAG, but thelatenciecausedy cachemissesareby farthemoreserious
problem,andare exacerbatedy the ever increasingift betweenCPU and main memoryspeed.
ModernCPUssupporthardwareprefetchingof cachdines, but with the currentstateof theartthis
strat@y is effective only if thememoryaccespatternsareregularly spacedandpreferablylinear.
It is in this areawhereusingthe DAG datastructurepaysoff the most. Througha modi ed
topologicalsort our framewnork determinegshe orderin which the nodeswill be accessediuring
the calculationsof the positionsand Jacobians.It thenlays out the associatedtorageareasin
memoryto ensurethatthe accesgatternduring the calculationsarelinear. It alsoscheduleshe

readaccesseto this informationduring the computationf the generalizedorcesto maximize
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the chanceof regular patterns,andintersperseshemwith cacheprefetchinstructions;with the
net effect that the cachemiss latenciesare almostcompletelyeliminatedin typical tracking ap-
plications. This optimizationwould be very dif cult to performwithout a fully dynamicaldata

structure.

4.4 Putting it Together: A Deformable FaceModel

The basisof the deformablefaceis a static meshof the face. Any modelcanbe used,but the
coarsethetessellationtheharderit is for computervision algorithmsto selectgoodfeatures For
our experimentswe startedwith a staticgeometricmodelof a head,publicly madeavailable by
the computergraphicsgroupof the University of Washingtor aspartof [34]. We scissoredhface
maskout of the headmodel,andsimpli ed it. The resultwasa staticmaskmodelof a generic
facewith 1101nodesand2000faces We de ned parameterandassociatedegionsfor theraising
andlowering of the eyebraws, for the smiling andstretchingof the mouth,for the openingof the
jaw, aswell as7 parameter$or thereferencdrame (atotal of 11 parameters)For simplicity, we
modeledthe the jaw movementasan af ne transformation.This approximationis sufcient for
smallopeningsf the mouth,eventhougha rotationoperations the correctway to modelthejaw.

Initially, all nodeson the static meshare expressedas x ed points, as schematicallyshovn
in Figurel (a), center In theory we could de ne a deformationfor eachnodeon the modelby
hand,but doingsowould beextremelycumbersomelnsteadwe de ne deformationdasednthe
conceptof regions. We projectthe staticmeshinto a cylindrical coordinatespacewith the origin
in thecenterof thehead(Figurel (a), left). In this spacdor eachparametemwe markoneor more
regionsof nodegshatareaffectedby it (seerows (b) and(c), left, in thesamegure).

As an example,considerthe upward curving of the mouthin a smile. The generaldirection
of the curving is upward and away from the cornersof the lips, so we would like to modelthe

deformationof thosenodeswith “Add Parameterized/ector” dependenciesyhich all move in

2http://www.cs.washington.edu/research/ graph ics/p roject sf/rea Iface /
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thesamedirection[u,u,us]” andshareacommonparametethatde nestheextentof theupward
curving. However, not all nodesare affectedequally much: The nodesclosestto the cornersof
the lips move the most,with the effect graduallydiminishingaswe considemodesfurther awvay
from this location. We thereforeneedto scalethe directionvectorby a constant thatdepends
on how mucha givennodeis affectedby the smile. Thus,the nal directionvectorfor the “Add
Parameterized/ector’ dependengc(Equation5) becomeg 1 , 37 = [uiuous]”.

We scalethedirectionvectordependingnthedistanceof thenodefrom theedgeandthecenter
of the markedregion in the cylindrical coordinatespace.For mostdeformationswe usea linear
relationshipto computethe scalingfactors from the distancesHowever, for somedeformations
— especiallylip curvingwhenthejaw opens—, anexponentialdecayfunctionto compute has
provento be moreaccurate Notethatno matterwhatscalingfunctionis usedthesearecomputed
atthe constructiortime of the DAG, andthusyield constantsAs a concreteexample,in Figurel
in row (b), left, thenodein questionis closerto the centerof theregionthanin row (c), left. Thus,
we scalethedirectionvectorfor the dependengin row (b), center signi cantly morethanfor the
onein row (c), center

Becauseregions can overlapwhena nodeis affectedby multiple parametersye chainthe
dependenciemto layers of deformations one per parameter From top to bottom, the center
columnof Figurel shows a progressiorof layersof deformations.We startwith the x ed point
from the staticmesh. In the next row we apply the deformationfrom the curving of the mouth
in a smile. The original x ed point becomesa ghostnode,andthe newv positionis calculated
throughthe “Add Parameterize®ector’ dependencfrom theold x edpoint. In the bottomrow,
this processs cascadedo accountfor the movementof the nodewhenthejaw is openedandthe
endresultis anodethatdepend®n theoriginal x edpointandthe additionof two parameterized
vectors.

Theregionsarepartof thedeclaratve descriptiorof thefacemodelthatwebrie y mentionedn

Sectiord.3. Thecomputatiorof thescalingfactorsfrom theregionsandthesubsequertanslation
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into thedependencies doneautomaticallyby our scriptinglibrary atruntime.

5 Statistical Cue Integration

Thelow-level computervision algorithmsprovide estimate®f local two dimensionaforcesto be
appliedto pointsof the model. Thesecanbe corruptedby noise,andsometimesven by errors
causedoy local failuresof the algorithm. As an example,considerthe differencebetweenpoint
and edgetracking; the former works bestin high-texture areas[37], whereasthe latter works
beston one-dimensionatliscontinuities[8]. As a result, the reliability of the estimatedrom a
particularcuecanvary dramaticallydependingpnwhichimageregiontheinformationcamefrom.
Moreover, the noisecharacteristicef theimagecanaffect the reliability of a cueasawhole, but
somemodelparameterganbe affectedmorethanothers.In our experimentdrequentlyonecue
would deliver morereliableestimate®f the modelrotationthananotherandvice versa.

Theseconsiderationsake it clearthatcombiningtheinformationfrom multiple cuesis avery
dif cult problem.Thestandardpproacho cueintegrationis simplyto let eachmethodcorvertthe
2D imageforcesinto arepresentatie generalizedorcein parametespaceandto averageheminto
asinglegeneralizedorcefy; whichis thenusedn Equationl. Thisapproachhowever, completely
ignoresthat the estimatedrom the cuesexhibit differentdegreesof reliability. An alternatve
approachis to useone cue as a constraint[14], but this approachis still too in e xible in the
casewhenthe constrainingcuebecomesinreliable A statisticalapproachseemdik e the obvious
solution,but it opensanothercanof worms: how dowe estimatehe probabilitydistributionsof the
contributionsfrom the variousimageforces?Becauséhe noisein the imageforcesis unknown,
we cannotknow whattype of probability distribution bestcharacterizes.

To addressheseproblemswe now describea novel statisticaltechniquefor the estimationof
cue probability distributionsthat doesnot assumeanything aboutthe noisein the imageforces,

exceptthatit is uniformly bounded.This assumptions reasonablédecausef the very natureof
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Figure 1. Constructionof the facemodelthroughthe useof layersof deformation. Diamonds
representlependenciesjashectirclesrepresenghostnodes,andsolid circlesrepresennormal
nodes. The left column shaws the de nition of regionsin cylindrical coordinates. The center
columnshows the applicationof layereddeformationdor a nodefrom theseregionsvia adding
parameterizedectors,whosemagnitudesiependon the distanceof the nodefrom the centerof
theregion. Theright columnshaws the effect onthe nodein thedeformablemodel.
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thecomputewisiontrackingapplication:thereare nite displacementbetweersuccessieframes,
sotheamountby which themodelhasto bemovedfrom oneframeto thenext oneis always nite.
The key elementof this techniqueis the representatiomf the supportof the noisewith 2D

regions. We usetwo-dimensionahf ne formsf‘\i;C to representheseregionsfor a particularcuec:
fie=a+ a"; (6)

whereay is a two-dimensionalectorthat representshe centerof the region, a; are alsotwo-
dimensionalectors,and”; arethenoisevariables(or noisesymbol3. They areindependentrom
oneanotheralthoughwe do notknow theshapeof theirdistributions. Theirsupporis”; 2 [ 1;1],
andwe let E[";] = 0. Thus,afne formsdescribea symmetric,corvex polytope. By usingthe
afne arithmeticcounterpartdo addition and multiplication by a scalar(seeAppendix A), we
propagatehemthroughEquation2 to obtainthe supportof the generalizedorce for eachcueas
ann-dimensionabkf ne form, wheren is thedimensionof the parametespace.

Eventhoughwe cannotsayanything aboutthe distributionsunderlyingthe imageforces,we
canmale a strongstatemengaiboutthe probability distribution of the generalizedorce: It canbe
approximatedwell by a Gaussiardistribution. Thejusti cation comesfrom Lindebeg'stheoem,
whichstateghatundercertainconditionsthesumof alargenumberof randonvariablescorverges
to a Gaussian.We discussin Section5.2.1thatfor our trackingapplicationtheseconditionsare
satis ed,andalsoboundthe error of theapproximation.

By approximatinghe generalizedorcefrom eachcuewith a Gaussianye canintegratethem
with a maximumlik elihood estimator(MLE). Overall, the integration consistsof the high-level

stepsgivenin Algorithm 1. Next, we describeeachstepin moredetail.
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Algorithm 1 High-level overview of cueintegrationtechnique.
for eachcuec do
Selectall pointsthatcuec shouldto use.
for eachselecteointp, do
ﬁ;c 2D af ne form to beusedastheforceatpointp;:
endfor x
f\g;c Bfﬂ;c {Calculatesthegeneralizedorceasanaf ne form.}
8i
fge  Gaussiarapproximatiorof fy.:
endfor n o
g MLE fg.

80.
Apply meanof fj asgeneralizedorcein Equationl

5.1 Computer vision cuesasregions

The rst stepis to estimateéheimageforcesas2D af ne forms,insteadof 2D vectors.We compute
regionsfor theimageforcesin  2; which capturetheareaof con dence,in whichtheuncorrupted
2Dforcefalls. Therearerigorousstatisticaimethoddo estimatesuchregions[27, 29]; nevertheless
herewe only use simple heuristics. Becauseaf ne forms are restrictedto corvex, symmetric
regions,we may have to overestimateegionsin orderto ful Il theserestrictions.Eachlow-level
computervision methodhasto selectwhich points of the modelhave goodlocal propertiesfor
their own requirementsthusavoiding obviousoutliers. Thesepropertiesaremethod-speci cand
constitutea broadresearchopic of their own [20]. We now brie y describehow to estimatethe

af ne formsfor threedifferenttypesof cues.

Edge Tracker We computethe distanceeld on theresultof a Canry edgedetector On each
selectechode ,we applya 2D forcealongthedirectionof thegradientof thedistanceeld, with the
valueof thedistanceeld astheforce'smagnitudeThus,thisforcepointsto theclosesedgepoint.
However, we do not know whetherthe closestedgepoint is indeedthe desiredone, or whetherit
is someotherpoint alongthe sameedge.For this reasonwe modelthe region of uncertaintyasa

rectanglehatis elongatedalongthedirectionof theedge asshavn in Figure2.
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Figure2: Af ne formfor theimageforcein anedgedetector Thesizeof theregionalongtheedge
is largerthantheregion perpendiculato it, describingthe differentcon dencesalongtheseaxes.
Point Tracker A correlation-baseg@oint tracker takesanimageanda position,andsearches
pointin the next imagewhoseneighborhoods assimilar aspossibleto the original neighborhood.
We usea modi ed versionof the KLT Tracker library® [39] to selectandtrackpoints. Theimage
force consistsof the displacemenbf a point betweersuccessie frames.In this cue,errorsoccur
whenthe deformablemodelhaspartially lost trackin the previousframe,andasa resultthe point
is beingtrackedfrom anincorrectposition. We do, however, know with certaintythatthe position
of the pointis correct:in the rst frame,to whichwe have tted themodel.

We cantake advantageof thisknowledgeby trackingthepointbothfrom the rst frameandthe
previousframeto the currentone.In the commoncasethis approactyieldstwo distinctpositions
for the point, with the correctonemostlik ely beingsomevherein the vicinity betweerthem. To
boundtheregion of con dence,we createarectanglehatis orientedalongtheline betweerthese

two positions,andthatencompassesoth of them.

Optical Flow Variationsof the classicaloptical o w algorithm|[2] try to estimatethe image

motionthroughthe optical o w constraint

+
Qe
I
(@]

Re
Q|®

3http://vision.stanford.edu/~birch/kIt/
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We estimatethe region of con dence basedon how good the gradientinformation is for the
pointsthatwe selectfor optical o w. To extractthis information,we computethe gradientcross-

correlationmatrix 2

X X 3
2

rx: AR
MZEXJZi sz' z;

rXjr Y ry?
i2 j2 i
wherer X; is the horizontalgradientat pointj, r y; is the vertical gradientat pointj, and ;
is a patcharoundthe desiredpoint i. The larger the eigervaluesfor M are, the betteris the
gradientinformationalongthe correspondingigervector andthe higheris the con dencein our

estimate.Accordingly, we de ne arectanglewith sidesparallelto the eigervectorsasthe region

of con dence.Thesizesof thesidesvary inverselywith thesizeof the eigervalues.

5.2 GeneralizedForces ,Af ne Forms and Gaussians

Eachcuec; asdescribedn thelastsection,is transformednto a generalizedorce. SinceB; (the
projected)acobiarof pointi) is a matrix andﬁ;c (the 2D force of cuec appliedto pointi) isa2D
afne form, Equation2 is a setof Iinearoperationsaver1‘}C andtheresuItinggeneralizedorcef\g;c
isanaf ne formin parametespace.

We now shaw thatf\g;c canbeapproximatedvell asa Gaussiamandomvariable

5 ! e %(f\g;c ) e 1(?9?0 c) (7)

g.c 7 \n:

2 )" o
with mean . andcovariance .: Afterwardwe describea methodto computethis approximation
efciently .
5.2.1 Proof of GaussianApproximation: Lindeberg Theorem

The afne formsrepresenthe boundedsupportof the generalizedorce. By de nition, all noise

variablesof the af ne form areindependen{AppendixA), which implies thatthe imageforces
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mustbeindependenfrom another We ensurehisindependencby selectinghe points,for which
we computetheimageforces,sufciently farapartfrom oneanother;in our experimentsve used
aradiusof 5 pixels.

Theaf ne form is thesumof mary independentandomvariableswhosesupportis abounded
1D sggmentembeddedn ". Eachnoisevariablehasan unknovn probability distribution, and
they arenotnecessarilydenticallydistributed.In [20], we usetheLindebeg theoem[10, pp 205+]
to provethat,if all thel imageforcesf;, appliedat pointsp; of thedeformablemodelareindepen-
dentandhave boundedsupportthenthegeneralizedorcerepresentetly anaf ne form, obtained
accordingto Equation2, corvergesto a Gaussiarasthe numberof imageforcesgrowsto in nity .

For estimatingthe error in the approximationwe canusethe Berry-Esseertheolem, which
boundsthe maximumerror betweenthe distribution and its Gaussiamapproximationas a ratio
betweerthe sumof theabsolutehird momentsandthe cubeof the sumof the standardieviations

of theelementf thesum.
5.2.2 Mean of GaussianApproximation

Theestimationof themean . is astraightforvardcalculation.Thegeneralizedorceis

xn
f\g;c =apt a'i;
i=1

where"; arethenoisevariablesof theaf ne form (AppendixA). Themeanvectoris
xn xn
c— E f\g;c = E[a0]+ E[ai"i]: o t+ aiE["i]; (8)
i=1 i=1

but sincelet all noisevariables'; have their meanattheorigin,

¢ = do. 9
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5.2.3 Covariance of GaussianApproximation

Findingthe covariancematrix for the Gaussiampproximatiorof anaf ne formis notatrivial task.
Af ne formsde ne Zonotopesn higherdimensionswhichmeanghatthecompleity of geometric
algorithms(which usethe pointsor facesof theregion) grows exponentiallyin thedimension20].
In [21] we useda heuristicto ne a hyperparallelepipedith minimumvolume. Here,insteadof
interpretingthe af ne form geometricallywe take advantageof the expectationpropertiesof the

randomvariables.Usingthede nition of thecovariancematrix . andEquation9:

h i
c=E (f\g;c ao)(f\g;c ag)” (10)
Eachelement ; of s
" | |
h i »r 'y I#
i = E (fge  a0)i(fyec a)] =E A"k a"
k=1 1=1

whereay; istheith componenbf thevectoray in f\g;c, and(f\@,;C ap); istheone-dimensionafne
form correspondingo theith componenbf (f\g;C ao).
Expandingthe sumwe obsenre that, becauséhe " are mutually independenaind have zero

mean thecrosstermsarezero:

X , 2
i = aiagE "g = Aidj s (11)

k=1 k=1
or, if we assumehatall noisevariableshave acommonvariance 2

_ T .
i = 5 agay: (12)

k=1

We build . usingEquation11 or 12. Notethatboth equationsarejust a multiplication of an

n-by-m matrixwith its transposewherethe -, a, formthecolumnsof thematrix. With astandard
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implementatiorof a matrix multiplication, this algorithmhascompleity O(n?m), wheren is the
dimensionof the afne form andm is the numberof noisevariables. Besidethe simplicity of
implementationthe algorithm's mostcompellingadvantages thatit providesanoptimalestimate
of the principal axes of the Gaussiardistribution if the conditionsof Lindebeg's theoremare
satis ed. Thereasoris thatif theseconditionsaresatis ed, Lindebeg's theorentells usthatthe
afne formindeedrepresenta Gaussiamprobabilitydistribution,andthe Gaussiarestimatedrom

Equationsl1 or 12 hasboththe samerst-order andsecond-ordemomentsastheaf ne form.

5.3 GeneralizedForcelntegration

We have shavn how to obtainthe Gaussiarrepresentationgy,. for eachcuec (seeEquation?).
Theremainingtaskis to combinetheir contritutionsinto a singlegeneralizedorcefy, sothatwe
canintegratethe dynamicalsystemin Equationl with contributionsfrom multiple cues.We use

aniteratve Gaussiatmaximumiikelihoodestimator(MLE) to combineall cuesoptimally .

Algorithm 2 GaussiarMaximum Lik elihoodEstimator

AN

Initializes: ™ 1 1 1
forc= 2 ::: ncdo{Wherenc = numberof cues}
N N 1
h: c 1 [ 1+ Cc
//\\c Ac 1+ b:l\( c Ac 1)
[ (l bc) c 1
endfor
. N
nc» nc

5.4 Computational Considerations

For eachframe,solving Equationl requiresmary iterations.The processvould be computation-
ally too expensveif all quantitieshadto berecomputedat eachiteration. Fortunately it hasbeen
shown thatin normalsituations,wherethe displacementbetweenframesare not too large, the

projectedJacobian®; needto be calculatedbnly onceperframe,insteadof periteration[14].
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If we assumehatthe shapeof theaf ne form representingmimageforceﬁ;c doesnotchange
during the iterationsover a single frame, the shapeof By f\i;c alsoremainsthe same. For mary
cues,this assumptions valid, because¢he imageis processeanly onceperframe. In this case,
the covariancematrix of the Gaussiamapproximationof f\g;c alsoremainsthe same. By taking
adwantageof this propertywe can substantiallyoptimize the statisticalintegration process: The
full statisticalcomputationsneedto be performedonly at the rst iteration. Subsequentlythe
unchangingcovariancematricescanbe cachedandonly the meanseedto be recomputed With
this optimization,the overheadof the statisticalintegrationmethodover the classical,averaging

integrationmethodbecomesgyligible, on the orderof 5% of thetotal runtime.

6 Experimentsand Validation

The systemthat we useas a basefor all experimentshasapproximatelyl0Q 000 lines of code,
in 4 languages:C++, C, lua, and TcL. The systemusesLua [25] for scripting. We provide
bindingsfor mostof our classesandalgorithms,and Lua scriptscon gure elementscontrol the
general o w of the simulation(the computationallyexpensve calculationsareall donein C++),
andprovide the graphicaluserinterfacefor several supportutilities. The DAG modeldescription
les areimplementedhroughLua scriptsasa mixture of declaratve andproceduraklements.
For our experimentswe usedthe modelthatwe constructin Section4.4. In Figures3 and4
we shav a few snapshot®f the tracking sequencesf two differentsubjects. In Figure 3 we
shav afew snapshotsf a trackingsequencevith nearly4000frameson a femalesubject,andin
Figure4 we showv snapshot®f a sequenceavith 3600frameson a male subject. Both sequences
werecapturedvith aresolutionof 640x480pixelsat60Hz. Theinitial tting of themaskwasdone
usinga few hand-picled correspondencdsetweermodellandmarksandimagepointsin the rst
frame,anddid not give anaccuratedescriptionof the points’ positionsalongthe Z-axis.

We usedno predictive or corrective Iter in theseexperiments.Furthermorewe imposedno
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Figure3: Six snapshotsf atrackingsequencef nearly4000frames.Thedeformablemodelused
herehasll parameters.

Figure4: Six snapshotsf a trackingsequencef 3600frames. The deformablemodelusedhere
hasll parameters.
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constraintgexceptfor thenormality of the orientationquaternionpnthevaluesof theparameters.

Validation

To performaquantitatve validationwe collecteda specialsequencef images.Usingmakeup,we
drew markers(blackdots)onthefaceof the subjectbeforecapture Later, usinga semi-automated
procedurewe determinedhe 2D positionof thesemarkerson every frameof the sequenceThe
sequences 1 minutelong, and was capturedat 60Hz (3600 frames). During the tracking, we
disallovedthe selectionof any pointsby thelow-level vision algorithmsthatweretoo closeto the
markers,sothatthe markerswould not affect thetrackingprocessWe alsospeci ed the pointson
themodelthatcorrespondetb eachmarker, andprojectedtheminto imagespaceat every frame,
soasto estimatethe 2D positionsof the markers. The distancebetweerour estimateandthereal
2D positionof the markersdeterminedhe errorof thetracking.

In thestandaraleformablenodelframenork, every pointhasanequalweightin thesumof the
generalizedorces(Equation2). If we groupthe 2D imageforcesaccordingto thetype of cue(as
we doin our statisticattechnique)standardueintegrationcanbe viewedasthe averageweighted
by thenumberof forceson eachcue.

We comparedhe averageerrorsthatwe gainedfrom trackingwith our statisticalcueintegra-
tion algorithm,andthe standardnethodof averagingthe cuesunder6 differentconditions:at the
originalimagesizeof 640 480andatarescaledsizeof 320 240 andatframeratesof 15Hz,
30Hz,and 60Hz. We simulatedthe lower frameratesby subsamplinghe imagesequencever
time. In Figure5 we seetheresultsat640 480 It took our systematmostl.1secondperframe,
of which 0.6 secondswvere spenton image processing.We used600 stepsin the integration of
Equationl. In Figure6 we seetheresultsat320 240 Our systemusedat most0.7 secondgper
frame(including0.2second$or imageprocessing)with 600stepsn theintegrationof Equationl.

Figuresb and6 shav thatastheframerateof thesequencedecreaseshetraditionalaveraging

methodlosestrack earlier Theseresultsaresupporteddy our qualitatve evaluationof unmarled
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trackingsequencesswell. Notethatfor bothmethodshe overall averageerrorin thevalidation
sequencess larger thanit would be undernormal conditions,becausdhe markerswerelocated
in areasof interest;thuswe wereforcedto ignore mary modelpointsthatwould otherwisehave
providedthe systemwith importanttrackinginformation.

We candraw the conclusionthatthe statisticalcueintegrationmakesthe systemsigni cantly
morerobustcomparedo the standardaveragingmethod.This effect getsmoreaccentuatedsthe
quality of the cues,imagesizes,or frame ratesdecrease.For an explanationfor the difference
in robustnessconsiderthe contour of the face: ideally, we would have a perfectly continuous
edge,providing the edgetracker with a large numberof selectedooints whereto apply forces.
Neverthelessthereare a few points along the contourwith enoughtexture to be classi ed as
cornerssuchasabirth mark, or the beginning of the earlobe.Althoughthesearefew in numbey
they arecan,individually, provide amuchmorereliableestimateof movementthanedges.

In the standardmethod,the contribution to the parametergrom the point tracker's corners
in this region is diluted, sincethe numberof edgeforcesin that areais so muchlarger Onthe
otherhand,in our statisticalapproachthe high con dencein thepointsis encodedn avery small
af ne regionthatrepresenttheimageforce. Theseregionsaremappednto parametespaceand
eventuallyaffect the covariancematrix of the Gaussian High con denceleadsto smalltermsin
the covariancematrix. The maximumlikelihood estimatoressentiallydoesa weightedaverage
basedntheinverseof the covariancessmallcovariancedave largerrelatve weight, sothe most
reliablepointsareweightedthe most. Analogousargumentsapplyto otherregionsandothercues.

The crux of theargumentis thatthe statisticalcueintegrationis capableof weightingthe cues
differently, andindividually, for the mary parametersaccountingfor the the differentproperties
of the modelandimage. Sincethe parametricestimationof the cuesis donecontinuously our
methodis adaptve to the dynamicchangesn the imagesequenceand keepsthe tracking drift
undercontrol. For long sequencegswe shaw in this paper evensmallimprovementsn thedrift

controlarecapableof substantiafjainsin trackinglength.
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Thesystembehaeswell androbustly aslong asthemodelfor thepointsis valid. As expected,
problemsarosevhentherewascomplex mouthmovementwhile thefaceunderwentargerotations
(around75 degrees).Two thingscontritutedto this behaior: rst, the baddepthestimateof the
facemodel,sincethe t wasaccomplishedrom only onefrontal view, andsecondthe simpli ed

linearapproximatiorof thejaw opening(seeSection4.4).

7 Conclusionsand Futur e Work

It is hardto designefcient and e xible representationsf deformablemodel. The existing lit-
eraturefrequentlyconcentratesn the high-level mathematicafoundations andfails to describe
the implementationdetails. To specify deformablemodelseasily andto get good performance
out of them,we needa powerful modelspeci cationtechnique.In this paperwe have described
a representatiomasedon a DAG that lls this gap. This datastructureallows the descriptionof
complex deformationswith a setof simplebasicblock operations.It allows fastcalculation,on
demandpf both positionsandJacobianslt allows usto constructhe deformationsvith a mixed
proceduraland declaratve approachand canrestructurehemdynamically Most critically for
goodperformanceit supportsCPU cacheoptimizationson-the- y.

Thenext stepin extendingthe DAG formulationis the creationof new algorithmsfor the auto-
matic constructiorof the DAG from data,with the setof possibledependencieasa constraint.In
this framework, the useof principal componentanalysis(PCA) for shapedescription[5] is justa
specialcase(whereonly af ne operationsverthenodesareallowed). Sincethedeformationsare
describedasagraph,anotheiinterestingoroblemis how to modify anexisting DAG automatically;
for example,to simplify it in orderto obtaina morecomputationallyef cient structure.

We have describeda statisticaltechniquethat allows cueintegrationwithout having to know
theprobabilitydistributionsof theimageforces.It scalesvell with thedimensiorof theparameter

spaceandis generaknoughto integratecuesof very different,andevenincompatible origin. Al-
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thoughwe have notexploredit in this paperour methodis ableto combineinformationfrom a 3D

scannepr a steregpair, with the normalmonoculawision algorithms.Af ne arithmeticcaneven

be usedin the stereosystem for example,to estimatea 3D region of con dencewherethe corre-
spondenceshouldbe basedon the 2D con denceregionsof the matchingcorrespondence©ur

methodrequiresthe reformulationof the underlyingbasiccomputewision techniquessothatthe
algorithmsestimatecornvex symmetricregionsinsteadof 2D forces.In spiteof this reformulation,
the computationatonsiderationg Section5.4 show thatthe effect on speeds small.

In this paperthe DAG formulation and estimationof cue probability distributionsvia af ne
arithmeticare two important,yet essentiallyseparateouilding blocksfor a deformabletracking
system. Combiningthemwill be one of the mostimportantfuture applications becauset will
allow propagatinghe probability distribution of the parametewectorthroughthe DAG to obtain
probabilisticestimate®f the nodepositionsandJacobiansAf ne arithmeticis ideally suitedfor
this task,for two reasonsFirst, it keepsrackof correlationsacrossdifferentintermediatevalues,
andsecondt canhandlenonlineamodedependenciesuchasrotations. Sucha stepwould also

make the DAG structuremoresimilar to existing graphicalmodelsfor probability propagation.
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A Afne Forms and Af ne Arithmetic

Af ne arithmeticis anumerictechniquesimilarto intervalarithmetic,in thesensehatit propagatesegions,

insteadof numbersacrossarithmeticoperationsThe atomof af ne arithmeticis calledanafne form. An
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afne form & is representeds:

a=a+ a" (13)

In ! the coefcients a; arereal numbers,whereasin " they are n-dimensionalvectors. The"; are
symbolic real variableswhosevaluesare unknavn, but guaranteedo lie in theintenal [ 1:::1]. The
guantityag is calledthe central value(mean),andthe"; arecalledthenoisevariables Eachnoisevariable
", representanindependentomponenbf thetotal uncertaintyln 1, & representaninterval andin " a
convex polytope,whosenumberof facesdepend®nn andm.

For eachoperationon realnumbersve have to de ne acounterparfor af ne forms. Af ne operations
like

2= R+ ¢+ (14)

arecalculatedexactly, whereg, ¢, and2 areaf ne formsrepresentetly

xn xXn xn
= X", 9=y i and2= z"j;
i=1 i=1 i=1
and , ,and arerealconstantsThede nition of this operations
Zo= Xo+ Yo+ and z = Xxi+ Vi (15)

Notethatary operatiorde ned ontwo af ne formsalsode nesthisoperatioronanaf ne formandascalay
becausa scalars is trivially representetly theafne formagp = s.

Althoughfor our cueintegrationtechniquewve only needaf ne operationsasspeci edin Equationl4,
otheroperationsarealsopossible.A thoroughdescriptionof how to do operationdik e reciprocationmul-
tiplication, exponentiationstrigonometryandevenhow to de ne anew operationcanbefoundin [38].

An afne form thatis the resultof an operationon otherafne forms sharedts noisevariableswith
the af ne forms of the operands.As a result,andin contrastto intenal arithmetic,af ne forms presere
interdependencidsetweenvaluesfrom intermediatecomputations After a seriesof cascadingperations,

afne arithmeticusuallyprovidestighterboundgshaninterval arithmetic.
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As anexample consideratwo-dimensionabfne formf ¢ asfollows:
0 1 0 1 0 1 0

1 0 1 0 1
i 10 2 1 0 1
=0 K=0 K+©® K'1+® K2+® X's+© XK' (19
fy 20 3 0 1 4
This representatiorshavn in Figure7, describesa vectorwhosemeanis at (10; 20)” : If f) andf’} were
takenasindependenttheir spannednternvalswould be[6::: 15]and[12::: 18], respecirely (plottedasthe
light grayon Figure7). However, becausdy andf’} sharethenoisevariables'; and" 4, theirvariationsare

notindependentln fact,f ;; hasto lie in thedarkregion of Figure?7.

Figure7: Regionde ned by the 2D af ne form of Equation16. In darkgraywe seethe region of
theaf ne form,while in light grayis theregion of theinterval counterpartSource:“Self-Validated
NumericalMethodsandApplications”,Stol andFigueiredo, 1997 (usedwith permission).
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